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Abstract 

We examine categoricity issues for computable algebraic fields. 
Such fields behave nicely for computable dimension: we show that they 
cannot have finite computable dimension greater than 1. However, 
they behave less nicely with regard to relative computable categoric- 
ity: we give a structural criterion for relative computable categoricity 
of these fields, and use it to construct a field that is computably cat- 
egorical, but not relatively computably categorical. Finally, we show 
that computable categoricity for this class of fields is n4-complete. 



1 Introduction 

Fields were the first class of structures for which the notion of computable 
categoricity was ever expressed. In their landmark study of effectiveness 
in field theory, Frohlich and Shepherdson presented "two explicit fields which 
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are isomorphic but not explicitly isomorphic" (Corollary 5.51). In modern 
terminology, we would say that these two fields are both computable, and 
are classically isomorphic but not computably isomorphic. Thus they fail to 
satisfy the definition of computable categoricity. 

Definition 1.1 The Turing degree of a countable structure A is the join of 
the degrees of the functions and relations of A, or equivalently, the Turing 
degree of its atomic diagram. A computable structure is one with Turing 
degree 0. 

A computable structure A is computably categorical if, for every com- 
putable structure B isomorphic to A, there exists a computable isomorphism 
from A onto B. 

More generally, a computable structure A is relatively computably cat- 
egorical if, for every structure B with domain u that is isomorphic to A, 
there exists an isomorphism from A onto B that is computable in the Turing 
degree of B. 

For these and other definitions from computable model theory, [T] and [U] 
are excellent sources. The article [32], written by two of the present authors, 
also serves to introduce these and many related concepts in more detail, and 
the articles [27] and [30] present the basic notions about computable fields 
for readers unfamiliar with them. 

Over the fifty- five years since that first result in [5], computable cate- 
goricity for fields has remained largely a mystery. For many other classes 
of structures, mathematicians have found structural definitions equivalent to 
computable categoricity: see for instance [13], [H], [20], [21], [26], [31], and 
[35] . As an example, Goncharov and Dzgoev, and independently Remmel, 
showed that a linear order is computably categorical iff it has only finitely 
many pairs of adjacent elements. (Two distinct elements of a linear order are 
adjacent if there is no element of the order between them.) This criterion 
is not quite expressible in first-order model theory, since it involves finite- 
ness, but intuitively it is distinctly more "structural" than Definition 11.11 In 
terms of computational complexity this criterion is Eg (and is readily shown 
to be complete at that level), whereas the statement of Definition 11.11 is 
quantifying over all possible (classical) isomorphisms. Indeed, for linear or- 
ders, computable categoricity turns out to coincide with relative computable 
categoricity, and Ash, Knight, Manasse, and Slaman established in [2] that 
relative computable categoricity is always a E3 property. (Unpublished work 
[1] by Chisholm yields the same result.) On the other hand, although relative 
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computable categoricity clearly implies computable categoricity, it was estab- 
lished independently by Khoussainov and Shore in [12] and by Kudinov in [21] 
that the two concepts are not equivalent. More recently, Downey, Hirschfeldt, 
and Khoussainov showed in [5] that relative computable categoricity can be 
viewed as a kind of uniform version of computable categoricity, although this 
fact was already implicit in work of Ventsov [21] . 

For fields, however, only a few significant criteria for computable cate- 
goricity (or for its failure) have been discovered. The situation is straightfor- 
ward when the field is algebraically closed: Ershov showed in [6j that such a 
field is computably categorical iff it has finite transcendence degree over its 
prime subfield (either Q or the p-element field Fp, depending on character- 
istic). Earlier, Frohlich and Shepherdson [H] had established that all normal 
algebraic extensions of Q and of ¥p are computably categorical. These results 
failed to extend to fields more generally, however: algebraic extensions of Q 
that are not computably categorical have been known at least since [6], and 
Miller and Schoutens recently constructed a computably categorical field of 
infinite transcendence degree over Q (see |31j). 

The transcendence degree of the field over its prime subfield is soon seen 
to be of paramount importance in these considerations. For algebraic field 
extensions F of Q, one can identify each element x & F to within finitely 
many possibilities by finding the minimal polynomial of x in Q[X], and like- 
wise for algebraic extensions of F^; this fact follows from the existence of 
splitting algorithms for Q and for each Fp. When one wishes to compute 
an isomorphism between two such fields, the task of determining an image 
for X is not completely solved by this knowledge, but its degree of difficulty 
becomes relatively low; see [29] for the current state of knowledge on this 
topic. The paper [22], written by two of us, is in many ways a precursor to 
this paper, and produces a criterion for computable categoricity in case the 
entire algebraic field F has a splitting algorithm: such an F is computably 
categorical iff its orbit relation is decidable, in which case it is also relatively 
computably categorical. (The orbit relation holds of the pair (a, b) G F"^ iff 
some automorphism of F maps a to 6.) Below we prove that this criterion 
does not extend to all computable algebraic fields; indeed both implications 
fail. (For further background about splitting algorithms and related con- 
cepts, including the splitting set and the root set of F, we suggest [2Z|, [28] . 
and [32J.) 

This paper focuses on computable algebraic fields F. We do not assume 
the existence of a splitting algorithm for F, although our results do apply 
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in the situation where F has a sphtting algorithm. That case was mostly 
explained in [32], however, while here we show that the situation without a 
splitting algorithm is significantly more difficult. In particular, computable 
algebraic fields without splitting algorithms can be computably categorical 
without being relatively computable categorical (see Theorem 15. ip . More- 
over, the complexity of computable categoricity goes up when the field is 
not required to have a splitting algorithm: computable categoricity is H^- 
complete for algebraic fields (see Theorem 16.41) . whereas with a splitting 
algorithm it is equivalent to relative computable categoricity, hence only S3- 
complete. The increase in complexity is significant, but the switch from E to 
n is also significant. Indeed, for algebraic fields. Definition II . 1 l has complexity 
114, since the property of being isomorphic is only II^, distinctly simpler than 
the usual (This fact is based on Corollary 12.71 ) Therefore, our results 
show that the standard definition of computable categoricity actually has 
the minimum possible complexity all by itself, when restricted to algebraic 
fields: no structural (or other) criterion can improve it. To our knowledge, 
algebraic fields are the first class of structures for which this has been shown 
to be the case. 

We do show algebraic fields to be nice structures in one related respect. 
Goncharov defined the computable dimension of a computable structure to be 
the number of computable presentations of that structure, up to computable 
isomorphism. He showed that every cardinal from 1 through u can be the 
computable dimension of a computable structure. (See [H] and [12] for 
these and related results.) However, by far the most common computable 
dimensions are 1 (which is equivalent to computable categoricity) and u, 
and for many classes of structures, these are the only possible computable 
dimensions: linear orders. Boolean algebras, and trees, for example. We 
show in Corollary 13.31 that algebraic fields too can only have computable 
dimension 1 and oj. Since the intermediate dimensions are usually regarded 
as pathological, this fact makes algebraic fields seem like a nice class of 
structures, whereas the result about computably categorical fields failing 
to be relatively computably categorical suggested the opposite. Indeed, we 
believe that algebraic fields constitute the first known example of a class of 
structures (or at least, a class commonly seen in mathematics) for which 1 and 
u are the only possible computable dimensions, yet computable categoricity 
does not imply relative computable categoricity. So our results differentiate 
these two pathologies from each other. 
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2 Useful Results on Computable Fields 



Substantial work on computable algebraic fields and categoricity has ap- 
peared recently, giving rise to several useful techniques for constructing com- 
putable fields. In this section we review assorted properties of algebraic fields 
relevant to these techniques, with references to allow the reader to look up 
their proofs and to see how they were originally used. 

The following result, which appears as Lemma 2.10 in |29j, will often 
save us from having to worry about surjectivity as we compute isomorphisms 
between fields. 

Lemma 2.1 For an algebraic field F, every endomorphism (i.e. every ho- 
momorphism from F into itself) is an automorphism. 

Corollary 2.2 If E = F are isomorphic algebraic fields, and f : E ^ F is 
a field embedding, then the image of f is all of F. That is, such an f must 
be an isomorphism. 

We will use the standard notation for Galois groups: if F C is a 
Galois extension (i.e. an algebraic normal separable field extension), then 
GaA{K/ F), the Galois group of K over F, is the group of all field automor- 
phisms of K which restrict to the identity map on F. As we build computable 
fields, it frequently happens that, having already built a computable field Fg, 
we wait to see whether a particular function will converge on a particular 
input. If it does not converge, then Fs itself satisfies a particular require- 
ment TZ2 for the construction, whereas if it does converge, we can add more 
elements to Fs to build the larger field K2 and satisfy the requirement that 
way. When considering two distinct requirements, it is useful to be certain 
that extending Fg to K2 to satisfy 7^.2 will not disrupt our plan to build 
a different extension Ki if necessary to satisfy a different requirement TZi. 
Usually, if Gal{Ki/Fs) = Gdl{E / K2) (where E is the field generated by Ki 
and K2 together), we can avoid the disruption to IZi, and one way to ensure 
this isomorphism holds is to make Ki fl K2 = Eg. (See pTSl p. 243, Exercise 
2], for example.) 

To achieve this end, we will often use a Galois extension of Q whose Galois 
group over Q is the symmetric group on the roots of a given polynomial, 
since this choice allows us to adjoin some of these roots immediately and 
keep others out of the field until needed. (The proof of Theorem 14.51 is a 
good example of such a construction.) Therefore, it is frequently useful for 
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an extension such as the Ki above to have symmetric Galois group over the 
current ground field, as this property ensures that it is the splitting field 
of a polynomial whose roots are essentially all independent of each other. 
The first theorem for this purpose appeared as Theorem 2.15 in [28], and 
provides a supply of such extensions. The proof given there was devised by 
Kevin Keating. Since we also want these extensions not to interfere with 
each other (and since extensions with large symmetric Galois groups cannot 
be taken to have relatively prime degrees, which is the most obvious way to 
avoid such interference), we now extend that theorem to include the linear 
disjointness of the extensions. 

Definition 2.3 Two Galois extensions E C K and E ^ L within a larger 
field F are linearly disjoint ii K (1 L = E. (This is a particular case of the 
definition of linear disjointness for algebraic field extensions in general, which 
requires that K and L together generate an extension whose degree over E 
is the product [K : E] ■ [L : E].) 

This means that we can add elements of K to E to build F to satisfy one 
requirement, and close under the field operations, without worrying that 
these new elements might accidentally force certain elements of L to enter 
F as well and thereby upset our satisfaction of a different requirement. The 
simplest case of linear disjointness occurs when the degrees [K : E] and 
[L : E] are relatively prime: the degree [K (1 L : E] divides both, hence 
equals 1, so K (1 L = E. (Indeed, in this situation K and L need not be 
Galois extensions of E.) 

Proposition 12.41 gives the recursive step for our procedure for building 
many distinct extensions of Q, each one linearly disjoint from the field gen- 
erated by all the rest. As explained in [SS^, §8.10], polynomials over Q whose 
Galois group is the symmetric group 5„ can be constructed by using the fact 
that the only transitive subgroup of iS„ containing a transposition and an 
{n — l)-cycle is Sn itself. In Proposition 12.41 we force the Galois group to 
contain such elements by putting together local behavior at suitable primes. 
In Lemma 14.61 below, we will extend these ideas to a recursive procedure 
for creating a sequence of polynomials /o,/i,... such that deg(/j) = di, 
Gal(Q(/i)/Q) ~ Sd, and Ga\{K/Q) ~ 5^, x ■ ■ ■ x Sd„, where K is the com- 
positum of the splitting fields of the /j's. Thus the splitting field of any fi 
is linearly disjoint over Q from the compositum of the splitting fields of all 
the others. (Actually, in Lemma WM, every di will equal 7, but we could have 
used any computable sequence {di)i(z^ instead.) 
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Proposition 2.4 Fix any Galois extension E/Q and any d > 1. Then 
there is a monic irreducible polynomial f{X) in Z[X] of degree d such that 
Gal{K/Q) = Gal{E/Q) x Sd, where K = EF is the compositum of E and 
the splitting field F of f over Q. In particular, E and F are linearly disjoint 
over Q, with Gal{F/Q) = Sd- 

Proof. First we recall some notation and background information. Let Zp be 
the ring of integers in the p-adic field Qp and let Fp denote the field with p 
elements. By Hensel's Lemma (see e.g. [381 §18-4]), for a monic h e Z[X] 
with mod-(p) reduction h G Fp[X], if c G Fp is a simple root of h, then there 
is a root a G Zp of /i which, modulo p, is equal to c itself. If /i is a product 
of distinct linear factors over Fp, then h splits completely into linear factors 
over Zp, by applying this method to each factor over Fp. This will be used 
below to satisfy the conditions P and R. 

The finite field ¥gd is a Galois extension of ¥q of degree d, with cyclic 
Galois group generated by the Frobenius automorphism x t— )■ x'^. Let ^p{X) 
be the minimal polynomial over ¥g for a primitive generator of F^d. Then 
^p{X) has degree d and splits completely in F^d, with distinct roots. Now the 
unique unramified extension L of degree d over Qg may be constructed as 
follows. Choose G Z[X] monic of degree d such that $ = (mod q) 

and let L be the field obtained by adjoining a root of $ to Q^. Then L 
is unramified over Qg, since the reduction of $ in Fq[X] is the separable 
polynomial ip. (In contrast, is a repeated root in ¥g of the reduction of 

— q, and the splitting field Qg[y^] is ramified over Q,.) Hensel's Lemma 
shows that $ splits completely in L and Gal(L/Qg) ~ Gal(Fgd/Fg) also is 
cyclic of order d. This will be used in conditions Q and R below. 

Now we address Proposition 12.41 itself. The development here follows 
ideas explained more fully in [22, VII, §2]. The Chebotarev Density Theorem 
[23l §VIII.4, Thm. 10] guarantees that there are distinct primes p,q,r > d 
completely split in E/Q. (This means that E embeds into each of the fields 
Qp, Qg, and Q^.) Fixing these primes, we now state the conditions we wish 
our polynomial / to satisfy, and explain why such an / must exist. Then we 
will show how the conditions imply the theorem. 

P: f = (X^ — ri)u{X) mod p, for some r/ G Z such that r] is not a square 
in Fp and some u{X) G Z[X] of degree {d — 2) such that u{X) sphts 
completely into distinct linear factors over Fp. 



7 



Q: f is congruent modulo q to the minimal polynomial of a generator for 
the unique unramified extension of degree d over Qg. 

R: f = X-w{X) mod r, where w{X) ^ X and w is the minimal polynomial 
of a generator for the unramified extension of degree d — 1 over Q,.. 

Each condition requires that / be congruent to a particular monic polynomial 
of degree d, modulo one of the distinct primes p, q, and r. So the Chinese 
Remainder Theorem allows us to choose coefficients for a monic polynomial 
/ G Z[X] of degree d satisfying all three of these conditions. Let F be its 
splitting field over Q, and set K = EF, so both Gal(F/Q) and Gal{K/E) 
may be seen as subgroups of Sd- Each of the three conditions will yield a 
specific element of Gal{K/ E), and the three elements together will imply 
that GaA{K/E) is all of Sd- The process is stated in [221 Thm. VII. 2. 9], and 
also in Example 7 of the preceding chapter (p. 274). Here we sketch it for 
the specific case of condition P. 

The condition P will yield a transposition in the Galois group Gal(F/Q). 
The polynomial f{X) G Z[X] of degree d reduces modulo p to f{X) of the 
form given in condition P, and the factorization there (along with the fact 
that 7] is not a square modulo p) shows that the splitting field of f{X) over 
¥p must be a copy of ¥p2 , with Galois group generated by the automorphism 
$ of Fp2 which interchanges the two square roots of r] and fixes each of the 
other roots of /. Now X^ — rj can be viewed as a polynomial in Qp[X], since 
Z C Zp C Qp, and its splitting field L over Qp is the unique unramified 
extension of Qp of degree 2, and in fact is the splitting field of / over Qp, 
since the roots of / in Fp yield distinct roots of / in Zp by Hensel's Lemma, 
as argued above. The Galois group Gal(L/Qp) = ($p) is cyclic of order 2, 
with $p being the lift of $ from Fp2 to L. This $p must be a transposition, 
since it has order 2 and must fix every other root of /. For details, see 
[22t Proposition VII. 2. 8]. We argue next that this transposition lifts to a 
transposition in Gal(F/Q), by setting e = 2 and g{X) = — 77 in the 
following lemma. 

Lemma 2.5 Let E/Q be Galois, f{X) monic and irreducible in Z[X], F the 
splitting field of f over Q, and K = EE. Assume further that p is a prime 
completely split in E/Q, that e > 1 is an integer, and that g{X) G Z[X] is the 
minimal polynomial of a generator for the unramified extension of degree e 
overQp. If f{X) is the product ofg{X) and distinct linear factors in Fp[X], 
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then Gal{K/E) contains an automorphism which cyclically permutes e of the 
roots of f and fixes each remaining root. 

Proof. We can view g{X) as a polynomial in Qp[X], since Z C Zp C Qp, 
and its splitting field L over Qp is the unique unramified extension of Qp of 
degree e. The Galois group Gal(L/Qp) is cyclic of order e, generated by some 
$p which cyclically permutes the roots of g. (Again we refer the reader to 
Proposition VII. 2. 8] for details.) Now F is the splitting field over Q of 
/(X), and f{X) G Qp[X] via the inclusion Z C Qp. Also, by assumption E 
embeds into Qp. We can extend this embedding to an embedding of K into 
L by noting that K = EF is generated over E by the roots of f{X), which 
are all either roots of g{X) or elements of Qp, since by Hensel's Lemma 
f{X) is the product of g{X) with linear factors in Zp[X]. Now the map 
Gal(L/Qp) — )■ GaA{K/E) by restriction (to the image of K within L) is an 
injective group homomorphism, since L is generated over Qp by the roots of 
/ in L. So the restriction of to K is the desired element in Gal{K/E). m 

With 6 = 2 and g{X) = X^ — rj, this lemma, gives us the map $p f K 
in Gal{K/E) and shows it to be a transposition, as required. We next use 
Lemma [2.51 to satisfy conditions Q and R. For Q, we set e = d and let g{X) 
be the polynomial shown in condition Q to be congruent modulo q to f{X). 
The lemma (with q in place of the prime p) shows that Gal{K/E) contains 
a cyclic permutation of order d, and therefore must act transitively on the d 
roots of f{X) in K. (This proves that f{X) is irreducible in i?[X].) 

Finally we take g{X) to be the polynomial w{X) from condition R, with 
e = d — 1 and with r as the prime in Lemma 12. 5[ The lemma returns an 
element of Gal{K/E) which permutes [d — 1) of the roots of / cyclically 
and fixes the last root. But the existence of such a permutation, along 
with the transposition supplied by condition P and the transitivity of the 
group's action, prove that Gal{K/E) = Sd, the symmetric group on the d 
roots of f{X) in K. (See the Theorem on p. 199 in |3Bi §8.10].) Therefore 
[EF : E] = d\ > [F : Q], making E and F linearly disjoint over Q and 
forcing Ga\{K/Q) = Ga\{E/Q) x Sd as desired. ■ 

Let F be any computable algebraic field. That is, F is an algebraic field 
extension of its prime subfield Q. The field Q is isomorphic to either the 
p-element field Fp if p = char(F) > 0, or else to the field of rational numbers. 
Every one of these possibilities for Q has a splitting algorithm, and since F is 
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algebraic, this fact forces Q to be computable within F. (An element x & F 
lies in Q iff its minimal polynomial over Q is linear.) 

Officially the domain of F is w, but since the language of fields contains 
the symbols and 1 already, we will instead write xq,xi,X2, ... for the ele- 
ments of F. We view F as the union of an infinite chain of finitely generated 
subfields: 

Q = i^o C Fi C F2 C . . . C F, 

where Fs = Q{xo, . . . , Xs-i) for every s. The Effective Theorem of the Prim- 
itive Element (see [8], or |32l Theorem 3.11]) allows us to compute for each 
s a single element Zg G Fs that generates all of Fg] indeed we may assume 
Zg = Xt for the least t such that F, = Q{xt). We may compute the minimal 
polynomial q's(X) G Q[X] of each Zg over Q, and also compute polynomials 
Pg G Q[Xq, . . . , Xs_i] such that Pg{zo, . . . , Zs_i, X) is the minimal polynomial 
of Zg over F^-i. 

Now, following [29] and [32], we define the automorphism tree for F to 
be the following subtree of u^'^: 

Ip = {a E uj'^'^ : (Vs < |o-|) Pg{x^(^o), . . . ,x^(s)) = 0}. 

More generally, for any computable field E isomorphic to F, with domain 
{j/o, 2/1, . . .}, we define the isomorphism tree for F and E to be 

Ife = {(t e : (Vs < \a\) Pg{ya{o), ■ ■ • ,l/a(.)) = 0}, 

where pg G Q[Xo, . . . , Xg] is the image of pg when its coefficients are mapped 
into the prime subfield Q of F by the (unique) isomorphism between these 
prime subfields. It follows that isomorphisms from F onto E correspond pre- 
cisely to paths through Ife, and that this correspondence preserves Turing 
degrees. (For an isomorphism h, the path contains those nodes a E Ife with 
ya{i) = h{zi) for all z < |cr|; conversely, given a path / through Iff, define 
h{zg) = Ufi^g) for all s.) All of this material is described in detail in |29] and 

The isomorphism tree Iff can be defined the same way (but perhaps 
should be renamed) for any algebraic fields F and F, whether or not they 
are isomorphic. In this more general case, paths through Iff correspond to 
field embeddings of F into F. If no such embeddings exist, then Iff must 
be a finite tree. The following useful corollary generalizes this statement. 
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Lemma 2.6 Let F and E be algebraic fields of the same characteristic, and 
suppose that x E F and y E E have the same minimal polynomial over the 
prime subfields. If there is no field embedding F ^ E with x ^ y, then there 
exists some finitely generated subfield Fq <Z F containing x such that no field 
embedding of Fq into E maps x to y. 

Proof. Build the tree IpE as above, using an enumeration of F that hsts x 
as its first element. Then (y) constitutes a node on this tree, through which 
there is no path. Konig's Lemma shows that Ife contains only finitely many 
nodes above {y), all of height < n, say. Therefore, the field Fq generated by 
the first n elements of F (in our enumeration) has no embedding into E with 
X ^ y. m 

Corollary 2.7 Two algebraic fields E and F are isomorphic iff every finitely 
generated subfield of each one embeds into the other. 

Proof. Apply Lemma |2T6| with x and y being the zero elements of their fields, 
to see that each field embeds into the other. Then apply Lemma 12.11 to the 
composition of the two embeddings. ■ 

Corollary 2.8 Two algebraic fields E and F are isomorphic iff they have 
the same characteristic and every polynomial over the prime subfield with 
a root in either E or F also has a root in the other. (Here we extend the 
unique isomorphism between the prime subfields to an isomorphism of the 
polynomial rings over those subfields.) 

Proof. For the nontrivial direction, we apply the Theorem of the Primitive 
Element, which states that each finitely generated subfield (of E, say) is 
generated by a single element x. Let p{X) be the minimal polynomial of x 
over the prime subfield Qe of E. The isomorphism f ■ Qe ^ Qf maps p{X) 
to an irreducible polynomial P'^iX) G (^^^[X], which by hypothesis must have 
a root yeF. But then Qe{x) ^ Qe[X]/{p{X)) = g^[X]/(/(X)) = Qpiy). 
So every finitely generated subfield of E embeds into F, and conversely. 
Corollary 12.71 completes the proof. ■ 

Finally, we must also give some technical definitions for embeddings 
among fragments of fields, by which we mean subsets of a field that are 
not necessarily subfields themselves. This notion will arise when we want to 
consider all computable copies of a given field: we will need to consider the 
structure (if any) computed by each partial computable function ip^, without 
knowing for certain whether it is a field or not. 



11 



Definition 2.9 Let Q be the prime field of a given characteristic, and Q 
a computable presentation of its algebraic closure, with Q regarded as a 
subfield. Suppose that C is a subset of u on which binary operations + 
and • are partially defined (i.e., for x,y G C, the values of x + y and x ■ y 
may be other elements of C, or may be undefined), and assume that C 
contains distinct elements x and y satisfying x + x — x and y • y — y; we 
refer to a; as and to y as 1, since they will represent identity elements 
in this fragment of a field. If these partial operations do not contradict 
associativity, commutativity, distributivity, the identity properties of and 
1, or equality of the characteristics of C and Q, then C is a field fragment of 
that characteristic. 

We define the prime field fragment Qq ^ C as follows. If Q has positive 
characteristic, then Qq contains and all elements 1, (1 + 1), (1 + 1+1),... that 
are defined in C. If Q has characteristic 0, fix some enumeration {qq, qi, . . .} 
of the rationals Q, For each gj = ^ in turn, we check whether C possesses 
an element of the form , with m I's on top and n Vs below, and 

also possesses an additive inverse of that element. If so, we enumerate both 
elements into Qq. If not, then we stop enumerating entirely, so Qo consists of 
only those elements enumerated so far. We make the obvious identification 
between elements of Qo and the corresponding elements of Q. 

Suppose that D — {xq, . . . ,Xm} Q C. An embedding of D into Q is 
a function f : D ^ Q such that for every i < m, there is some pi G 
Qq[Xq, . . . , Xi] with Pi{xo, . . . ,Xi) = in C (specifically, all sums and prod- 
ucts in this calculation lie in C), such that pl{f{xQ),...,f{xi_i),Xn) is ir- 
reducible in Q{xo, . . . Xi_i)[Xn] and Pi{f {xq) , . . . , f {xi)) — in Q, where 
Pi e Q[Xo, . . . , Xi] is the image of via the unique embedding of Qo into Q. 

Finally, if C is is another field fragment and D' C C' is finite, then an 
embedding of D' into D consists of embeddings f of D into Q and /' of D' 
into Q such that range(/') C range(/). (We often think of f~^ o /' as the 
actual embedding.) 

The resulting lemma is easily proven. 

Lemma 2.10 For finite subsets D and D' of finite field fragments C and C , 
it is decidable whether there exists an embedding of D' into D. The procedure 

is uniform in the (partial) operations on C andC , but it is necessary to know 
the exact size of each finite set C , C , D, and D' , and to be able to decide 
the domains of the partial operations. 
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3 Computable Dimension 



The computable dimension of a computable structure 971 is the number of 
equivalence classes of computable copies of OJt under computable isomor- 
phism. Thus SfJl is computably categorical iff its computable dimension is 
1. By far the most common computable dimension of computably non- 
categorical structures is u, and for certain theories, 1 and u are the only 
possible computable dimensions. This property holds for all linear orders, 
for example, and also for all Boolean algebras, all trees (in the language of 
partial orders), and all ordered abelian groups; see |12l UHl HH IMl 1261 IMt 135]. 
However, Goncharov, Kudinov, and others have produced assorted examples 
of structures of finite computable dimension > 1, and have shown that all 
dimensions < u are possible. (See for example [I2]-) For fields, the question 
of possible computable dimensions remains open, but here we will apply a 
theorem from [17] to show that when the field is algebraic, 1 and u are the 
only possible computable dimensions. 

The isomorphism tree allows us to apply the notion of a leftmost-path 
approximable function, as defined in [T7] : 

Definition 3.1 A function / : a; — )■ w is leftmost-path approximable if there 
exist a computable linear ordering C = {u, -<), computable binary functions 
5^0 and gi, and a sequence ko, ki, . . . E u such that, for all n E u, 

1. kn is -<-least such that 3°°sVm < n{gQ{m^ s) = km) and 

2. if s G w is large enough, then [go{n, s) = kn =^ gi{n, s) = f{n))]. 

Two computable structures are leftmost-path approximahly isomorphic if 
some isomorphism between them is leftmost-path approximable. Hirschfeldt, 
Khoussainov, and Soare proved the following result, which extends a theorem 
of Goncharov. 

Theorem 3.2 (Hirschfeldt, Khoussainov, and Soare [17]) // a struc- 
ture has two computable presentations that are leftmost-path approximably 
isomorphic but not computably isomorphic, then its computable dimension is 
u. 

The term "leftmost-path approximable" strongly suggests that the leftmost 
path through the isomorphism tree for fields F and F should qualify. Since 
the formal Definition 13.11 is necessarily quite abstract, our main task in the 
proof below is simply to show that this path really does fit the definition. 
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Corollary 3.3 The only possible computable dimensions for a computable 
algebraic field are 1 and u. 

Proof. Suppose that F is a computable algebraic field that is not computably 
categorical (so that its computable dimension is not 1), and let F be a com- 
putable field isomorphic but not computably isomorphic to F. We will use 
the isomorphism tree Ipp to show that the leftmost path / through Ipp is 
leftmost-path approximable. Let cxo, cxi, . . . be a computable enumeration of 
the nodes of Ipp, without repetition. The linear ordering -< is the lexico- 
graphic order on the nodes of Ipp (viewed as an order on u, under some 
effective bijection between Ipp and u), and the computable binary functions 
go and gi are given by: 

go{n, s) = as\ [n + 1) g^{n,s) = <i .^^ 

Fix any n ^ u. Since / is a path through Ipp, we know that infinitely 
many s satisfy f\{n + 1) C ag- But / is also the leftmost path, and so there 
are only finitely many s with cr^ -< f\{n+l). (This fact follows from Konig's 
Lemma, since Ipp is finitely branching.) Therefore, f\{n + l) is the unique 
kn satisfying condition (1) in Definition 13. 1[ Moreover, for all s, 

go{n,s) = f\{n + l) =^ g^(n,s) = as{n) = {go{n,s)){n) = f{n), 

and so condition (2) is also satisfied. 

This proves that / is leftmost-path approximable. But as a path through 
Ipp, the map / is an isomorphism between F and F (if we view both their 
domains for the moment as u, rather than as {xq, xi, . . .} and {xq, xi, . . .}). 
So we may apply Theorem l3.2l and conclude that F has computable dimension 
00. m 



4 Relative Computable Categoricity 

The definition of a computably categorical structure is often strengthened to 
consider noncomputable copies, yielding the notion of relative computable 
categoricity introduced in Definition ll.il Relative computable categoricity is 
actually a more natural property than computable categoricity, in the sense 
that, by results in [2] and [1], it has a fairly simple syntactic characterization: 
a structure is relatively computably categorical iff it has a Scott family 
over finitely many parameters. 
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Definition 4.1 A Scott family for a structure ^ is a computable sequence 
6'o(a, Xq, . . . , Xno), Oi{a, Xq, . . . , x„J, ... of 3-formulas, where a is a finite tu- 
ple from A, sucli tliat every tuple of elements from A satisfies at least one 
9i, and for each i, any two tuples satisfying 9i can be interchanged by an 
automorphism of A. 

In contrast, no such nice characterization of computable categoricity is 
known. Indeed, while the property of having a Scott family is arithmeti- 
cally a Eg property, computable categoricity is known by work in [30] to be 
at least H^-hard. (In fact, we will show in Section O that it is this hard just 
within the class of algebraic fields.) In this section and the next two, we add 
further evidence in favor of the neatness of relative computable categoricity, 
by considering computable algebraic fields. 

Following the notation of [32], we denote the full orbit relation on F by 

Af = {(ai, . . . , a„, 6i, . . . , b„) e F<'" : (3a G Aut(F))(Vi < n) (j{ai) = k}. 

The simple orbit relation then is Bp = Ap Ci F'^, the binary relation on F of 
being in the same orbit. By Lemma [2.61 if a pair {x,x') does not lie in Bp, 
then there is some finitely generated subfield Ft F containing x such that 
no embedding of F^ into F can map x to x'. (Here Q = Fq ^ Fi <Z ■ ■ ■ (1 F 
can be any chain of subfields with union F. Normally we will set Fg to be the 
subfield generated by the first (s — 1) elements of F.) Of course, if x and x' 
are not conjugate over Q, then we will realize immediately that {x, x') ^ Bp\ 
the interesting case is that in which x and x' are conjugate, yet lie in distinct 
orbits. Since there are only finitely many conjugates of x in F, the following 
definition makes sense. 

Definition 4.2 Let F be a computable algebraic field, with prime subfield 
Q and such that F is the union of a chain Q = Fq C Fi C ■ ■ ■ C F of finitely 
generated subfields. The orbit function h: F ^ uj oi F defines h{x) to equal 
the least t such that x & Ft but, for every x' G F that is conjugate to x over 
Q with (x, x') ^ Bp^ there is no embedding of Ft into F that maps x to x' . 

So the function on input x, considers all false conjugates x' of x in F: 
that is, all conjugates of x that do not lie in the orbit of x under automor- 
phisms. (This notion is important for categoricity, since the false conjugates 
in F correspond to elements of computable copies of F to which we might 
mistakenly map x.) Therefore, h has the property that, for all x G F, 

[x (-)■ x' extends to F/i(^.)] iff {x,x') G Bp. 
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Moreover, h{x) is the least number with this property. Of course, x might 
not have any false conjugates in F; in this case h{x) is the least s with x G Fg. 

We note that the function h does depend on the choice of chain Q = Fq O 
Fi ■ ■ ■ (Z F. Normally we take this to be a computable chain (that is, we 
can compute a strong index for a finite generating set for each F,, uniformly 
in s), and it is readily proven that with the orbit function for one computable 
chain as an oracle, we can compute an upper bound for the orbit function 
for any other computable chain. However, for many fields the orbit function 
will not be computable. Indeed, should it be computable, then F must be 
computably categorical. More generally, we have the following lemma. 

Lemma 4.3 For a computable algebraic field F , if the orbit function h (for 
some computable chain Q = Fq ^ Fi 'O ■ ■ ■ of finitely generated subfields with 
union F) is computably bounded, then F is relatively computably categorical. 

Proof. Fix some computable function g : F u such that g{x)l> h{x) for 
all X. It is straightforward to construct a S° Scott family for F, fixing a 
primitive generator Zg for each Fg and its minimal polynomial qs{Z) G Q[Z]. 
We also fix, for each s < t, a polynomial Ps^t £ Q[Z, Y] such that Ps,t{zs, Y) is 
the minimal polynomial of Zt over the subfield Fg = Q{zg). (This definition 
can be done effectively.) 

For each Zg, we have a formula 7^(2') saying: 

qg{Z) = k3y pg^g^g){Z,y) = 0. 

By Definition 14. 2[ and since g{zs) > h{zg), every z satisfying 7^(2;) lies in the 
orbit of Zg. For a general tuple of elements xq, . . . , a;„ G F, we find the least 
s with all Xi E Fg = Q{zg), find polynomials ri{Z) G Q[Z] with ri{zg) = Xi, 
and define the formula fe(Xo, . . . , X„): 

3z[^g{z) Sz {yt < n)X, = r,{z)]. 

The Scott family is then just the set & = {(5^(X) : x G F'^'^}, In fact, it 
is a particularly nice Scott family, since it involves no parameters from F. 
(Of course, polynomial equations with parameters from Q can be expressed 
entirely in terms of the constant symbols and 1 and the operations of 
addition and multiplication.) 

Since relative computable categoricity is equivalent to having a Scott 
family, this definition completes the proof of Lemma However, to illumi- 
nate the use of the orbit function further, we will also give a direct proof of 
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relative computable categoricity of F, by constructing a computable isomor- 
phism from F onto an arbitrary computable field F isomorphic to F. Our 
construction relativizes easily to the degree of a noncomputable field F. Of 
course, the prime subfield Q = Fq is computable within the algebraic field F 
and has a unique embedding /o into F; this /o is computable and has image 
Q, the prime subfield of F. Moreover, /q is known to extend to an isomor- 
phism from F onto F, since the two fields are assumed to be isomorphic and 
every isomorphism between them must restrict to /q. 

Now assume inductively that we have constructed an embedding fs : 
Fg ^ F that extends to some (not necessarily computable) embedding p of 
F into F. Let g^+i and be the images of the polynomials g^+i and 

under the map fo : Q ^ Q on their coefficients. To extend fs 
to Fs+i, compute g{s + 1) and search for any two elements y,z & F such 
that qs+i{z) = and Ps+i,g(s+i){z,y) = 0, and such that the map Zg+i ^ z 
would send Zs to fs{zs). (Of course, Zg G F^+i = Q{zs+i), so the choice of an 
image for Zg+i uniquely determines the image of Zg. Also, notice that these 
conditions are satisfied when y = p{zh{s+i)) and z = p{zs+i), so we must 
eventually find some y and z as desired, although they will not necessarily 
be p{zh(s+i)) and p{zs+i).) Define fs+i{zs) to be this z, thus defining fs+i on 
all of Fs^i. We claim that this /s+i extends fs and is a field embedding of 
F5+1 into F, and also that fs+i itself extends to some embedding of all of F 
into F. 

First, since qs+i{z) = and qs+i{zs+i) = 0, and since Qs+i and g^+i are 
irreducible in Q[Z] and Q[Z], respectively, we know that 

Fs+i = Q{zs+i) = g[Z]/(g,+i(Z)) = Q[Z]/{qs+^{Z)) = Q{~z), 

via the map Zs+i z. Therefore Z^+i really is a field embedding of 
into F. Moreover, we checked that Zs+i 1— )■ z sends Zs to fs{zs), and so 
fs ^ fs+i- It remains to see that fs+i extends to a field embedding a : 
F ^ F. To prove this fact, notice that with ps+i^g(s+i){z,y) = 0, we must 
have Ps+i^g(s+i){z,y) = as well, where z = p~^{z) and y = p~^{y). Since 
g{s + 1) > h[s -\- 1), this fact means that Ps+i,h(s+i){.z^Y) must have a root 
in F as well. But by Definition 14. 2[ we then have (-2^+1, z) G Bp, so there is 
some automorphism P of F with /3{zs+i) = z. But then 

p{P{Zs+l)) = p{z) = Z, 

and so (p o (3) is an embedding of F into F that extends fs+i, as required. 
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Therefore, the union / = IJs /s is a well-defined computable function with 
domain IJs-^* = ^- Since every fg is a field embedding, so is /. But with 
F = F, a field embedding of F into F must in fact be an isomorphism, by 
Corollary 12.21 This conclusion proves Lemma 14.31 ■ 

We can also prove the converse of Lemma 14. 31 yielding the full equivalence. 

Theorem 4.4 For a computable algebraic field F, the following are equiva- 
lent. 

1. F is relatively computably categorical. 

2. F has a Scott family. 

3. F has a Scott family using no parameters from F. 

4. The orbit function h for F (with respect to some computable chain 
Q = Fq Fi (1 ■ ■ ■ ) is computably bounded. 

5. The orbit function h for F (with respect to every computable chain) is 
computably bounded. 

Proof. (5) =^ (4) is immediate, and the equivalence of (1) and (2) was 
established (for all computable structures, not just fields) by Ash, Knight, 
Manasse, and Slaman in [2], and independently by Chisholm in [3]. Lemma 
14.31 shows (4) =^ (1), and its proof also explained how (4) yields (3), 
which in turn clearly implies (2). So we now prove (2) =^ (5). Fix any 
computable chain with union F, and fix a Scott family & for F. By the 
Effective Theorem of the Primitive Element, we may assume that (3 uses (at 
most) a single parameter a from F. Since a has finitely many conjugates 
over Q in the algebraic field F, we may assume that we know all elements 
a = bQ,bi, . . . ,bm satisfying (a, b) G Bp. Also, for each b E F conjugate to 
a but with (a, 6) ^ Bp, Corollary 12.61 yields an s such that no embedding of 
Fg into F maps a to b. So we may fix some sq so large that all conjugates of 
a in F lie in F^q, but that bo, . . . ,bm are the only possible images of a under 
embeddings of F^^ into F. 

We now compute the value g{zs) for a primitive generator Zg of F^, for 
arbitrary s > Sq. For each i < m, we list out the formulas of & and search 
through F for witnesses for these existential formulas, until we find a formula 

7i(Z) = 3x6i{Z,x,a) e &, 
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an Hi, and a tuple Vi from F such that Si{zs, Vi, hi) holds in F. It is important 
to notice that in our search, we have replaced the parameter a by fej. (Of 
course 60 = cb-, so one search involving a does still take place.) Now for 
each i, there is (at least one) automorphism ipi of F with tpi{bi) = a. By 
the definition of Scott family, there is a formula 7(2') = 3x6{Z,x,a) in & 
for which '-f{tpi{zs)) holds; that is, 6{ilJi{zs),v,a) holds for some v. But then 
S{zs, ip~^{v), hi) also holds, since V^j is an automorphism. Therefore eventually 
our search halts and produces a formula 7i(2'), a tuple -Uj, and an rii. Define 
g{zs) to be the least number > s such that for all i < m, the entire finite 
tuple Vi is contained in the subfield Fg(^zs)- This definition completes our 
computation of g, on every s > Sq; now we must show that g{zs) > h{zs). 

So consider any conjugate z of Zg, such that {zg, z) ^ Bp. Now for each i, 
^i{ipi{zs)) holds in F (with ipi as chosen above). But all V'i(^s) lie in the orbit 
of Zs^ and all ipi{z) he in the orbit of z. Since these two orbits are distinct, 
the definition of Scott family shows that jilipjlz)) must be false in F for each 
i,j < m. So there is no tuple x from F for which any 6i{ipj{z),x,a) holds, 
and hence (by applying the automorphism 4'J'^) no tuple x for which any 
6i{z, X, bj) holds either. 

Now if Ps,g{s) (yZ, Y) had a root y in F (where Ps,g{s) is as in the proof 
of Lemma [4.3p . then there would be an isomorphism from Fg(^zs) onto F{y): 
start with a field embedding ip of Fg into F that sends Zg to its Fo-conjugate 
z, and then extend by setting ip{zg(z^)) = y (which is still a field embedding 
of Fg(^zs) into F, since has minimal polynomial Ps,g{zs){zs, ^) over Fg and 
y has minimal polynomial ps,g(2s)(V'(^s), ^) over tplFg)). However, then the 
quantifier-free formula 

5o{z,tp{vo),^ia)) 

must hold in F, since (5o(2;s5 "^Oi o-) held in Fg(^zs)- By our choice of Sq, and 
since s > Sq, we have ip{a) = bj for some j, contradicting our conclusion 
above that 6i{z, x, bi) fails for all tuples x in F. 

Therefore, for all conjugates z of Zg with {zg,z) ^ Bp, the polynomial 
Ps,g{zs){Zj^) has no root in F. By the minimality of h{zg) in Definition 14. 2 [ 
this fact forces g{zg) > h{zg). The argument above only defined g on inputs 
Zg with s > Sq, but it requires just finitely much more information to set 
g{zg) = h{zg) for all s < sq. Then one simply defines g{x) on arbitrary 
X & F hj g{x) = g{zg), where s is minimal such that x e Fg. This definition 
works because, if -^g(x) has an embedding a into F with x' = a{x), then 
by our construction, {zg,a{zg)) G Bp. Hence the map a \ Fg extends to 
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an automorphism of F, and since x G -F,, that automorphism maps x to 
a{x) = x'. So the computable function g does indeed bound h. m 

As mentioned in the introduction, it was shown in |32] that if the algebraic 
field F has a splitting algorithm, then F is (relatively) computably categorical 
iff Bp is computable. We now show that the situation is different for a 
general algebraic field F. Using Scott families, we easily show that relative 
computable categoricity implies that Bp is Si. The challenging part is to 
show that the converse is false, and here we actually strengthen that result 
by making Bp (and also the full orbit relation Ap) computable. 

Theorem 4.5 Let 9Jt be any computable, relatively computably categorical 
structure. Then the full orbit relation of DJl (i.e., the set of pairs of tuples 
(a, b) such that some automorphism of OJt maps a to b) is computably enu- 
merable. However, there exists a computable algebraic field F that is not 
computably categorical, yet has Ap computable. 

Proof. Suppose that OJl is a computable, relatively computably categorical 
structure, and denote its full orbit relation by A^x- Let (3 be a Scott 
family for 9Jt. For any pair (a, b) of n-tuples from 9Jt, search through all 
formulas in & with exactly n free variables, and all tuples of possible witness 
elements for each formula. Enumerate (a, b) into A<xn if ever we find a single 
formula in & satisfied by both these tuples. 

Of course, every a satisfies some formula in 6, and if {a,b) G A<xji, then 
b satisfies that same formula, so the pair is enumerated. Conversely, by the 
definition of Scott family, any two tuples satisfying the same formula must 
be images of each other under automorphisms of DJl. 

We describe a simple version of the basic module used to construct the 
field F and its computable copy F which together prove the second statement. 
To ensure that a single <^e is not an isomorphism from F onto F, we use the 
cube roots of 2. Each field starts with one \/2, called and Oq, respectively. 
In order to be an isomorphism, fe{Oo) must converge to 6q. If this convergence 
ever happens, then we adjoin two more cube roots 6i and 62 of 2 to F, and 
likewise in F. In F we also tag the original by finding a polynomial 
q G Q[X, Y] such that we can adjoin a root of ^(6*0, Y) to F without adjoining 
any roots of either q{9i,Y) or q{92,Y)] thus these two conjugates of 6^0 are 
not tagged. In F we adjoin a root of q{6i,Y). Thus the two fields remain 
isomorphic, but only via isomorphisms mapping 60 to 61. 
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Moreover, no matter what the outcome of this basic module, every com- 
putable field E = F has computable orbit relation Be- Certainly every pair 
(x, x) G Be, and if our program for computing Be is ever given a pair {6, 9') 
of distinct cube roots of 2, then it searches for a third such cube root 0" 
and also for a tag, i.e. a root of q{9, Y) or of q{9' , Y) or of q{9" , Y). These 
must exist, since the existence of the second cube root means that the basic 
module must have performed the action described above. Once our program 
finds the tag, it knows which two of these roots lie in the same orbit, and 
therefore can answer correctly whether {9,9') G Be- 

In fact, such tagging requires an elaborate algebraic proof of the existence 
of the appropriate polynomials. (For instance, letting q{X, Y) be (Y'^ — X) 
would not work, because any square root of 9o would generate square roots 
of 9i and 92 as well.) Moreover, if any basic module adjoins to F all three 
cube roots of some element (such as 2), then every x with a cube root F 
must have three cube roots in F. Thus this basic module does not extend 
readily to infinitely many requirements, so we resort to a similar strategy 
using roots of polynomials with symmetric Galois groups 1S7 of order 7. 

Viewing such a Galois group as the symmetric permutation group on the 
seven roots of some polynomial, we see that its symmetry allows us to adjoin 
the sum of any subset S (with 1 < l^"! < 6) of the seven roots we hke while 
keeping the individual roots out of the field. For instance, if x and y are two 
of these roots, then the subfield generated by {x + y) is the fixed field of the 
subgroup of 1S7 containing those permutations fixing {x, y} setwise, and as 
this subgroup fixes no individual root, the subfield contains none of the roots. 
Moreover, Sj is a sufficiently large group to allow us both to adjoin specific 
elements and to tag them. By analogy to the basic module above, think of 
9o — X + y as the sum of two roots x and y, and 9i — u + v as the sum of two 
others u and v. We can tag either one later if necessary by adjoining x or u. 
If there were only four roots in total, then adjoining x + y would have forced 
u + V to enter the field as well. With only five, adjoining both {x + y) and 
{u + v) would force the fifth root to enter the field, since every permutation 
fixing both {x,y} and {u,v} would have to fix the fifth root. With only six, 
it would force the sum of the other two roots to enter the field, where it 
would be conjugate to 9o and 9i, in the manner of 6*2 above; this would not 
ruin the argument, but it would complicate it, so we use seven roots instead. 

Lemma 4.6 There exists a computable infinite sequence pq{X) , pi{X) , . . . 
of polynomials of degree 7 in Q[X] such that for every e G cu, if is the 
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subfield ofQ generated by the splitting fields of all pi{X) with i ^ e, then the 
splitting field P^. of Pf,{X) over K^. is the symmetric group on the seven roots 

ofPeiX). 

Proof. Apply Proposition 12.41 repeatedly, to get Q = Eq C Ei C E2 C ■ ■ ■ 
and polynomials po,pi, . . ., all of degree 7 in such that each -Ee+i is 

the compositum of E^ with the splitting field Pe of Pe over Q and such that 
Gal(Pe/Q) — for all e. Notice that if Pe were not linearly disjoint from 
Kg (as defined in Definition I2.3p . then for some j, the field Pe would fail to 
be linearly disjoint from the subfield Ke fl Ej+i, which (for the least such j) 
would contradict the linear disjointness of Pj from Ej. m 

We fix a sequence of polynomials Pe{X) as described in Lemma [4.6[ In 
the following construction, using a fixed computable copy Q of the algebraic 
closure of Q, we let Xe, Ve, Me, and Ve be the four <-least roots of Pe in Q. Our 
fields F and F will both be computably enumerable subfields of Q, hence 
computably isomorphic (by taking pullbacks) to computable algebraic fields 
of characteristic 0. The requirements, which never injure one another, are 

TZe '■ ^Pe is not an isomorphism from F onto F, 

for every e G w. 

With no injury involved, we may define our fields quite simply. The c.e. 
subfield F contains precisely the following elements of Q: 

• {xe + Ve), for all e G cu; 

• {ue + Ve), for all e G a; for which iPe{Xe + Ve) i= Xe + Ve] 

• Xe (hence also ye), for all e G a; for which V5e(a^e + ?/e)i= + Ue'^ 

• and all elements of Q generated by these. 
F contains precisely the following elements of Q: 

• (xe + ye), for all e G 

• Me and Ve (hence also {ue + Ve)), for all e G with ipe{xe + ye) i= Xe + ye] 

• and all elements of Q generated by these. 
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We readily define an isomorphism p from F onto F. If (pe{xe + Ve) i= 
Xe + Ve, then p(xe) = Me, p(?/e) = ^^e, and p{ue + t^e) = Xe + Ve- Otherwise 
p{xe + ye) = Xe + Ve- (In fact, there are 2'^-many isomorphisms, since the first 
case occurs for infinitely many e, and when it does, p{xe) = Ve and p{ye) = Ue 
is also possible; moreover, by Lemma [4.6[ the choices of p{xe) may be made 
independently for all the different e for which the first case occurs.) 

Let Fg C F be generated by {(xg + i/e), (we + "^e), a^e} H and -Fg C F by 
{{xe + ye),Ue, Ve} fl F. Let Le = Ke H F he the subfield of F generated by 
all those generators of F with indices 7^ e (here Ke is as in Lemma I4.6P , and 
similarly Le = KePiF. Now by Lemma SSI KeHFe = K^nFe = Q for all e, so 
the splitting field of Pe{X) over Lg has Galois group S^, the symmetric group 
on the seven roots of Pe{X). (It has this Galois group over the larger ground 
field Kf. from the lemma, and over Q itself, hence also over all intermediate 
fields, including Lg.) This fact also shows that every automorphism a of F 
fixes each Fg setwise, since it must map Fg into the intersection of F with 
the splitting field Pg of Pe{X) over Q, and this intersection is just Fg itself. 
(One says that Fg is normal within F.) 

Now Gal(Pg/Q) is the symmetric group 1S7 on the seven roots of Pg(X). 
We know that Gal(Pe/Q(xe + ye)) contains exactly those permutations in Sr 
that either interchange Xe with y^ or fix both. The Q-conjugates of (xg + ye) 
in Pg are all sums of two distinct roots of pe, and no other such sum can be 
fixed by all these permutations, so (xe+ye) has no conjugates in Q{xe+ye)- If 
(ug + fg) ever enters F, then it is a conjugate of {xe + ye), but then Xg G F as 
well, so Gal(Pg/Fg) then contains those permutations that fix the elements Xg 
and ye and the set {ue, f e}- No other conjugate of (xe+ye) is fixed by all those 
permutations, and since there is an element of Gal(Pg/Fg) interchanging Ue 
with Ve, neither Ue nor fg (nor any of the remaining three roots of Pe{X) in 
Q) lies in Fg. 

So, if (pe{xe + ye) i= Xg + |/g, then for every automorphism a of F, we must 
have (T{xe) G {xg, ye}, and hence cr(xg + ye) = Xg + ye, leaving a{ue + fg) = 
Mg + f g. Thus a \ Fg has only two possibilities: the identity, and the map 
(Tg G Aut(Fg) interchanging Xg with ?/g. Note that this cxg fixes (xg + ye), and 
also fixes (wg + fg). 

On the other hand, if ipe{xe + ye) diverges or converges to any value 
7^ Xg + ye, then (xg + ye) has no conjugates in F except itself, and generates 
Fg. So in this case a\ Fe must be the identity. 

It follows that Bp is computable. First, of course, every pair {z, z) hes in 
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Bp. By the discussion above, {xe + i/e, z) G Bp iff z = Xe + He, and likewise 
{ue + fe, z) G Bp iff 2; = Me + fg. Next, for any root z in F of any p^, we 
know that ipe{xe + He) i= Xe + He, since F could not contain such a root 
otherwise; hence {z,z') G -Bp iff z' G {a;e,?/e}- Thus our decision procedure 
for Bp can compute the orbit of every generator of Fg. So, for an arbitrary 
pair (2;, z') G -F^, it can express z in terms of the generators of finitely many 
Fg, compute the orbits of each of these generators, and use this information 
to determine whether (z, z') G Bp. (We do use here the remark above that 
for any cq, . . . , with all Xe^ G F, the choice of images of the Xe^ may be 
made independently for all i < n.) 

Because F is a field, computability of Bp implies computability of Ap, as 
follows. Given any tuples a,b & F", the Effective Theorem of the Primitive 
Element allows us to identify a single element a & F such that Q(a) = Q(a). 
Having found some q G Q[Xi, . . . with a = q{d), we set b = q{h). In 
turn, each Oj = qi{a) for some G Q[X]. Now (a, 6) G Ap iff (a, 6) G -Bj? 
and, for each i < n, bi = qiib). For full details, we refer the reader to |32], 
where the Effective Theorem of the Primitive Element appears as Theorem 
3.11. 

However, for any e, we know that <^e(a^e+|/e) i= Xe+Ue iff no isomorphism 
p : F F fixes {xe + Ue)- In particular, if ipe{xe + ye) diverges or converges to 
any other value, then {xg + ye) has no Q-conjugate in either F or F; whereas 
if ipe{xe + He) \r= Xe + He, then Xg and Ue lie in F, but the only two roots 
of Pe in F are Wg and fg, whose sum is 7^ v'g(a;g + ?/g). In both these cases, 
therefore, is not an isomorphism from F onto F. Since this fact holds for 
all e, the field F is not computably categorical. ■ 

5 Computable Categoricity 

Relative computable categoricity immediately implies computable categoric- 
ity, and for many theories T, the converse also holds of all computable models 
of T. This is the case for the theories of linear orders. Boolean algebras, and 
trees (in the language of partial orders). Indeed, in [10] Goncharov showed 
it to hold for all computable structures Tl for which the set of S2 sentences 
in the elementary diagram of DJl is decidable. On the other hand, in [21] . 
Kudinov proved that decidability of the Si fragment of the elementary dia- 
gram does not suffice, by producing examples of such 1-decidahle structures 
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that are computably categorical but not relatively computably categorical. 
Such structures are widely considered to be unusual, and among classes of 
structures for which characterizations of computable categoricity are known 
(linear orders, Boolean algebras, trees, etc.), computably categoricity always 
implies relative computable categoricity. Here we address this question for 
algebraic fields. In contrast to Section 121 where the "pathological" situation 
of finite computable dimension > 1 was shown to be impossible for algebraic 
fields, we will prove here that computable categoricity of an algebraic field 
can fail to relativize. 

Theorem 5.1 There exists a computable, computably categorical algebraic 
field F whose orbit relation Bp is not Sg. It follows from Theorem \4.5\ that 
F is not relatively computably categorical. 

Proof. Every computable algebraic field has Ilg orbit relation by Lemma 
12.61 Therefore, it suffices to construct such a field F that is computably 
categorical, but for which Bp is not Ag. 

Our construction of F takes place on a tree T, and satisfies two types 
of requirements. Every node {3 at level 2e of T is dedicated to satisfying 
requirement Ce for computable categoricity: 

Ce '■ If decides the atomic diagram of a field Ce isomorphic to F, 
then there is a computable isomorphism Ce — ?■ F. 

Such a /3 is also called a Cg-node. It has two outcomes = and ^, and hence 
two immediate successors, which we order: 

For the /3 on the true path of T, the = outcome will hold infinitely often iff 
Ce really is isomorphic to F, in which case we must be sure to satisfy Ce- To 
guess at whether Ce = F, we use Corollary 12. 7[ Each time we see both that a 
new larger subfield of Ce embeds into F, and that a new larger subfield of F 
embeds into Ce, we make the outcome = eligible. The counter is used for 
this purpose: at stage s, it will be maximal such that the first cp^s elements 
of Ce,s can be embedded together into F,, and the first cp^s elements of Fs 
can be embedded together into Ce,s- 

Every node a at level 2e + 1 of the tree is dedicated to satisfying the 
requirement Tie destroying limit-computability oi Bp: 

IZe : ^w\miipe{w,t) ^ Bp{w). 
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An T^e-node a has only one outcome. It acts so as to satisfy its requirement 
by observing the behavior of its function '-Pei^XaiUa) it) for a particular pair 
{xai Ua) of elements of F, and ensures that this pair lies in Bp iff the limiting 
value of ife on the pair says otherwise. 

The construction somewhat resembles that of Theorem 4.1 of [29j, which 
built a computable algebraic field that is not O'-categorical. We will use here 
the same principal tool given for that construction, and the same notation. 
In particular, when h{X) is a polynomial with coefficients in Q[y^], we will 
write h~{X) to denote the image of this polynomial under the nontrivial 
automorphism of Q[y^], with mapped to — ^/p. 

Proposition 5.2 (Proposition 2.15 in Miller |29| ) For any fixed prime 
p, let F be the field Q[y^]. Then for every odd prime number d, there exists 
a polynomial h{X) G F[X] of degree d with the following properties. 

• h and h~ are both irreducible in the polynomial ring F[X]. 

• The splitting field of h over F has Galois group isomorphic to Sd, the 
symmetric group on the d roots of h, and the same holds for . ( Since 
Sd acts transitively on the roots, this property implies the preceding 
one.) 

• The splitting field of h{X) over the splitting field of h~{X) also has 
Galois group isomorphic to Sd (and vice versa). In particular, each of 
h{X) and h~{X) is irreducible over the splitting field of the other. 

Moreover, uniformly in p, d, and any computable presentation of F , it is 
computable whether an arbitrary h{X) G F[X] satisfies these properties. 

For an T^e-node a, Xa and ya will be the two square roots of a specific 
prime number pa- At each stage, a will use two polynomials hf,^_i a and 
hh^ a, provided by the Proposition for this Pa, of distinct prime degrees, with 
ba keeping count of these polynomials. Both /z.b^_i,a and hb^^a will have roots 
in F, but neither h'^^_^ ^ and h'^^ ^ will have a root. Thus, Xa is tagged in 
two different ways to distinguish it from Whenever ipe{{xa,ya),t) equals 
for a new larger t, a takes a step toward making {xa,ya) lie in Bp'- it 
adjoins a root of h'^^_^^ to F, so that ya now has this tag, just like Xa- 
At the same time, though, a chooses a new giving Xa a new tag 

which ya lacks, and increments so as to keep track of the current tags. 
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Therefore, the only way {xa,ya) can end up in is if this step is repeated 
infinitely often, in which case \imt(pe{{xa,ya)jt) 7^ 1- If the limit is 1, then 
this step is repeated only finitely often, and Xa is tagged in some way in 
which Ua never is, so that {xa,ya) ^ Bp. The tagging of Xa by two separate 
polynomials ensures that higher-priority C-nodes can always distinguish Xq 
from r/a, so that they can build their computable isomorphisms, and that 
once they have built them, their guesses in their fields Ce will remain correct 
about which node corresponds to Xa and which to i/a- at least one tag will 
always be present, keeping their computation correct, even while the other 
tag is removed and redefined. 

We start with zq as the multiplicative identity, so that Fq is a copy of 
Q. All nodes are initialized at stage 0, which means that all counters c^j^o 
for C-nodes (3 and all primes pa, counters ba, and potential field elements Xa 
and Ua for 7^-nodes a are undefined. 

To arrange our stages, we fix the bijection u x u ^ u according to the 
listing of w X a; as follows: 

(0,0), (0,1), (1,1), (0,2), (1,2), (2,2), (0,3),.... 

At all stages s + 1 with s = {0,n), the root node is eligible. At all stages 
s + 1 with s = (m, n) and m ^ 0, the node eligible at the preceding stage will 
have designated one of its immediate successors (of length m) to be eligible 
at this stage. Each eligible C-node chooses a successor to be eligible, while 
for an eligible 7^-node, its unique successor is eligible. 

At each stage s -|- 1 where a Cg-node /3 is eligible, let s' be the most recent 
stage (if any) at which /3 was eligible. If there has been no such stage s' 
yet, or if (3 has been initialized since that stage, then we set C/j^^+i = 1 and 
make /3"(^) ehgible at stage s + 1. Otherwise, we consider the function <^e,s 
as the (partial) characteristic function for the atomic diagram of a structure 
Ce in the language of fields. If cpe^s enumerates any facts inconsistent with 
the field axioms, or if the initial segment of /3 on which (^e,s converges is 
the same as that on which ipe,s' converged, then /3"(^) is ehgible at substage 
t + 1. Otherwise, we consider the fragment Ce,s of a field as described by 
ife,s- Lemma [2.101 ensures that we can check whether both of the following 
hold (as defined in Definition 12. 9p . 

• If D is the finite subset {0, 1, ... , C/j^^'} of the field fragment {0, 1, ... , s} 
of Fg, then D embeds into Ce,s- 
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• The following finite subset D' of the field fragment C^^s has an em- 
bedding into the field fragment {0, . . . , s} of Fg. The set D' contains 
the elements 0, 1, ... , cp,s'i and also contains all elements x G Ce,s for 
which there exists an a with /?"(=) C a and i E u and a currently 
defined polynomial of the form (X^ — pa,s+i) or one of the forms hi^a,s 
or h^^ such that when the coefficients of this polynomial are mapped 
into Ce,s, X is a root in Ce^s of the resulting polynomial there. (Notice 
that (X^ — pa,s+i) has coefficients in Q, hence has a unique image in 
Ce,s, or no image at all if the necessary elements of Q have not ap- 
peared in Ce by stage s. The other two polynomials, hi^a,s and h^a,sj 
have coefficients in Q{pa,s+i), but interchanging the two square roots 
of Pa,s+i only interchanges these two polynomials with each other. So 
the description above names at most three polynomials in Ce,s[X] for 
each a, without ambiguity.) 

If so, then we set c^,s+i = cp^s' + 1, initialize all nodes to the right of /3'(=) 
(including and all its successors), and make /3'(=) eligible at stage s+2. 

If either of these fragments fails to embed, then we leave c^,s+i = c^,s' and 
make eligible. 

(The point of this stage is that, if P is eligible at infinitely many stages, 
then /?"(=) will be eligible at infinitely many stages iff <^e is total and is the 
characteristic function of the atomic diagram of a field Cg such that every 
finitely generated subfield of Cg embeds into F and vice versa. By Lemma 
12. 6[ this latter condition is equivalent to Ce = -F.) 

At each stage s + 1 at which an T^g-node a is eligible, we let s' be the 
most recent stage at which a was eligible and executed either Step 1 or Step 
3 (below). In Step 1, a chooses its prime Pa, adjoins its square roots Xa and 
Ua, and sets up the first two tags on Xa- In Step 2, it waits for all C-nodes 
P with /3"(=) C a to complete their computations on the current tags, since 
a cannot add any new tags until this has been done. Finally, in Step 3, a 
gets to check whether \imt ipe{{xa, ya),^) has taken any further steps towards 
equalling 0; if so, then it executes the appropriate action with its tags, while 
if not, it does nothing. Here are the full descriptions of the steps. 

1. If this is the first stage at which a has been eligible (so the stage s' does 
not exist), or if a has been initialized since stage s', then we let Pa,s+i 
be the least odd prime number not yet chosen as p^^t at any previous 
stage t for any node 7. We adjoin to Fg a new element Xa^s+i satisfying 
s+i — Pa,s+i- Of course, this action also adjoins a second square root 
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of Pq!,s+i, El'iid we name this second element ya,s+i- Then we choose the 
least two odd prime numbers not yet used in the construction, and, for 
each of these two prime numbers search for a polynomial as described 
in Proposition 15 . 21 of this degree d for the prime Pa,s+i- Let /io,q!,s+i(-^) 
and hi^a,s+i{,X) be the two polynomials we find, and set ha,s+i = 1- 
We adjoin to Fs{xa,s+i) one root of /io,a,s+i and one root of to 
form Fg^i. This action completes this stage. 

2. Otherwise, p^^s' and 6^,5' are already defined, and ya,s' and 
polynomials hQ^a,s'{X), . . . , hh^ ^,,a,s'{X)- We check whether, for every 
i < e, either the Cj-node (3 G a has C a or else the field fragment 
Ci^s contains a root of the minimal polynomial of the least primitive 
generator of Fg/ over Q. If this is not the case, then we do nothing at 
this stage. If it is the case, then we execute Step 3 below. 

3. Let M > be maximal with the property that all '^e,s{{xa,s',ya,s'),t) 
with t < u converge, and let u' be the corresponding maximum with s' 

in place of S. If none of iPe,s{{Xa,s', ya,s'),u'), ^e,s{{Xa,s' ,ya,s') ,u - 1) 

equals 0, or if u' = u, then we do nothing. Otherwise we set &q,,s+i = 
ba,s' + 1, choose the least odd prime d not yet seen in the construction, 
and find a polynomial /i6„^+i,a,s+i(-^) satisfying Proposition 15. 2l for this 
d and for Pa,s'- We adjoin to Fg one root of this /if,„^+i,a,s+i5 and also one 
root of h7 0^.1- (In Lemma 15751 below, we show that each of these 
polynomials is irreducible over F<j, and indeed over the root of the other, 
so that this suffices to define -Fs+i.) Of course, ba,s+i — 2 = ha,s — 1, so 
this has added a tag for ya,s+i for that old /i-polynomial, as well as a 
tag for Xa for the new /i-polynomial 

Whichever step was executed, we then end this stage, with the unique suc- 
cessor of a eligible at the next stage. 

Since this process was effective and every Fg+i was an algebraic extension 
(proper or not) of the preceding F^, we have constructed a computable alge- 
braic field F = \J^Fs of characteristic 0. We claim that every requirement 
Ce and TZe is satisfied by our construction, so that F is the field needed to 
establish the theorem. 

The C-nodes /3 always make one of their two successors eligible, and TZ- 
nodes a always make their unique successor eligible. Therefore, the set con- 
taining the leftmost node at each level that is eligible infinitely often forms a 
path through the tree, called the true path P. Each requirement corresponds 
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to a unique node on P, which will be the node causing that requirement to 
be satisfied. If /3 G P is a C-node, then G P iff linis c/3,s exists and is 

finite; if /9"(=) G P, then C/3,s — )■ cxd. 

We start with an analysis of the strategy of the T^g-node a G P, for 
any fixed e, starting with the last stage at which this a is initialized. Let 
So be the first subsequent stage at which it is eligible. Then whenever a is 
eligible after sq, it has two particular ha polynomials that have roots, but 
such that the corresponding /i~ polynomials do not have roots. We say that 
Xq, = Xq-^sq is tagged by these polynomials, while ya,SQ is not (yet) tagged by 
them. Suppose that a has the correct guess about which C-nodes preceding it 
correspond to fields isomorphic to P, and that ifJyX^a-, ya),t)i for all t (since 
otherwise TZg is trivially satisfied). If there are infinitely many t for which 
ipe{{xa, ya),t) = 0, then the limit of ipe on {xa, Va) can only equal or fail to 
exist, yet both Xa and ya do end up each tagged by all the polynomials hn^a, 
and thus will lie in the same orbit. Conversely, if there are only finitely many 
such t, then \imtipe{{xa,ya),t) ^ (and the limit may not exist at all), but 
in this case only finitely many polynomials were ever defined, and the 

last two still tag Xa without tagging ya- So in this case {xa,ya) ^ Bp. Thus 
in both cases. Tie will be satisfied. Of course, to complete this argument, 
we must show that the tags really do work the way we claimed here, and in 
particular that no extraneous tags were introduced by the actions of other 
nodes. 

So consider the elements adjoined to P^ at a specific stage s + 1, with an 
7^-node a eligible at this stage. If a is in Step 1, then it first adjoins a square 
root Xa,s+i of its prime Pa,s+i- This extension has degree 2, since we chose a 
Pa,s+i that does not already have a square root in P. Then the stage adjoins 
roots of /io,a,s+i and hi^a,s+i, which were chosen to be irreducible over Q{xa) 
with degrees that are both new prime numbers, and indeed are irreducible 
over Fs as well, by Lemma [5.31 below. Thus the root of hi^a,s+i generates an 
extension of degree deg{hi^a,s+i) , for each i, and since these degrees are prime 
to each other, they generate linearly disjoint field extensions of Fs{xa,s+i) 
(that is, field extensions whose intersection equals just Ps(xa,s+i)). So the 
degree [P^+i : P^] is the product of these two primes and 2. 

Now suppose a is in Step 3 at stage s + 1, and adjoins to Fs one root of 
hb^ as+i and one root r~ of h~. ^ , The former is irreducible over 
Fs and has a new large prime as its degree, and its root thus generates an 
extension of that degree. We also claim that the root r~ of h~, r, „ , , 
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generates a further extension of degree deg(/i^ ^^^_2 ^^i). The following 
lemma justifies these claims. 

Lemma 5.3 The following holds for every stage s. First, for the a and i 
(if any) such that hi^a,s+i{X) is first defined at stage s + 1, the polynomial 
hi,a,s+i{X) is irreducible in Fs{xa^s+i)[X]- Second, for any a and i such that 
hias{,X) has a root in Fg hut h~^g{X) does not, h~^^{X) is irreducible in 

f1[x]. 

Indeed, at a stage at which a enumerates two roots (apart from Xa^s+i 
itself) into -F5+1, using Step 1 or Step 3, the minimal polynomial of each of 
these roots ( either hi^a,s+i or h^^ ^^-^^) remains irreducible over the extension 
of Fs by the other root. 

Proof. We prove the first two statements simultaneously, by induction on s. 
First suppose that hi^a,s+i{X) is defined at stage s+1, by a in Step 1 or Step 3, 
with a root r adjoined to F^. By Proposition \5.2\ [Q{xa,s+i,r) : Q{xa,s+i)] = 
d, the degree of hi^a,s+i{^), and therefore d divides [Fs{xa,s+i, f ) '■ Q(a;a,s+i)]- 
However, the prime degree d was never used for any /i-polynomials except 
hi^a,s+i- Now we use our inductive hypothesis on previous stages, noting that 
since the elements adjoined by 7?.-nodes 7 at previous stages t were roots of 
irreducible polynomials hj^^^t or h'J^^ ^ (or square roots of primes), those adjoin- 
ments created extensions of prime degrees distinct from d. Therefore, d must 
divide [Fs{xa,s+i, r) : Fg], and since Xa,s+i has degree either 1 or 2 over Fg, we 
have that d divides [Fs{xa,s+i, '■ Fs{xa,s+i)]- On the other hand, r is a root 
of hi^a,s+i{X), which has degree d, and so d = [Fs{xa,s+i,r) : Fs{xa,s+i)], forc- 
ing hi^a,s+i{X) to be the minimal polynomial of r over Fs{xa.s+i)- Therefore 
hi^a,s+i{X) is irreducible in Fs{xa,s+i)[X]. 

Next, suppose that hi^a,s+i has a root in F^+i but h^^ ^^-^ does not. Let 
d = deg{h~^ ^_,_^), and fix a root r G Fg+i of hi^a,s+i- Set E = Fs+i(r~), where 
r~ is a root of (If is reducible, then r~ may be a root of any 

of its irreducible factors in F5+i[X], and the argument below will apply.) E 
thus contains roots of both hi^a,s+i and h~^^^^, and by Proposition 15.21 d^ 
must divide [E : Q(xa,s+i)], since d divides both [Q{r,Xa,s+i) '■ Q(a^a,s+i)] 
and [Q{r~ ,r,Xa,s+i) '■ Q{r,Xa,s+i)]- However, the prime degree d was never 
used for any /i-polynomials except hi^a,s+i and h'^as+i- Using the inductive 
hypothesis once again, we see that among all [Ft+i : Fj] with t < s, the only 
one divisible by d is the one for the stage t + 1 with r G Ft+i — Ff, moreover, 
for this t, we have that [-F^+i : Ft] is divisible by d but not by d'^. It follows 
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that d must divide [E : Fg], and therefore the minimal polynomial of r~ over 
Fg has degree divisible by d. But r~ is a root of /i^as+u "which itself has 
degree d, and so this is the minimal polynomial of r~ over Fg. Thus h~^gj^^ 
is irreducible over F^. This conclusion completes the induction. 

Finally, considering the two roots enumerated into -Fg+i by a, we note that 
their minimal polynomials over Fg have distinct prime degrees. Therefore, the 
field extensions generated by each are linearly disjoint: their intersection is 
Fg. It follows that neither extension can cause the other minimal polynomial 
to factor (see e.g. [28| Lemma 2.12]; or just extend the argument from the 
induction above). ■ 

Corollary 5.4 Fix any i, a, and t. Then F has a root of hl^^{X) iff the 
node a itself adjoins such a root by entering Step 3 at some stage s + 1 with 
ba,s+i = i + 2 and with hi^a,t = hi^a,s+i- 

Proof. By Lemma [5.31 at any stage s + 1, nodes 7 7^ a enumerate only roots 
of polynomials that are irreducible over Fg and have prime degrees distinct 
from the degree of hi^a,t- The same holds for the node a itself at stages s + 1 
such that a is initialized between that stage and stage t, or such that a 
adjoins roots of polynomials hj^a,s+i or /i"^ .,+1 with j 7^ i. Finally, when a 
adjoins a root of /ii,a,t. Proposition 15.21 shows that no root of ^ can result. 

■ 

To see that requirement IZe is satisfied, let a be the T^g-node on the true 
path P, i.e. the leftmost node at level 2e + l that is eligible at infinitely many 
stages. For simplicity, write x and y for YmvgXa^g and Yrnvgya^g, write hi for 
lim^ hi^a,s, etc. Now for any Cg-node /9 C a, either C a, or else /3"(=) 

was eligible in between every pair of stages at which a was eligible. In the 
latter case, /3'(=) was eligible infinitely often, and so the field Ce must be 
isomorphic to F . Therefore, a cannot simply execute Step 2 at cofinitely 
many stages; it executes Step 1 at the first stage at which it is eligible, and 
enters Step 3 at infinitely many stages after that. 

Suppose first that \mitH^e{{x,y) ,t) exists and equals 1. Then at all but 
finitely many of the stages at which a goes through Step 3, it does nothing, 
and so we have a finite limit h = lim^ ba,s- Set d = deg{hh). Now hh{X) has 
a root r in F, while h'^{X) does not, by Lemma [5. 3[ Therefore {x,y) ^ Bp, 
since any automorphism of F mapping x to y would have to map r to some 
root of /i^. So in this case Tie is satisfied. 
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On the other hand, if \imtipe{{x,y),t) = 0, then a executed Step 3 in- 
finitely many times, and so ba,s — )■ C)0 as s — )■ oo. Thus, for every b, both hb 
and /ijj" have a root in F. We claim that every subfield Fg containing x has 
an embedding into F mapping x to y. Once this claim is established. Lemma 
12.61 will show that there exists a field embedding of F into itself mapping x 
to y, which will prove that {x,y) G Bp, since by Lemma [2.11 this embedding 
must be an automorphism. The key to proving this claim is the following 
standard fact from field theory. 

Lemma 5.5 Let K (1 L be a field extension generated by a single x E L 
that is algebraic over K , and let f : K ^ E be a field embedding. Fix the 
minimal polynomial h € K[X] of x over K , and let be its image in E[X] 
under the map f on its coefficients. Then f extends to an embedding of L 
into E iff E contains a root ofh^{X). 

To prove the claim that every subfield Eg containing x has an embedding 
into F mapping x to we show how to extend such embeddings from Eg 
to -Fs+i. Assume by induction that / is an embedding of Eg into E with 
/(x) = y (and hence fiy) = x), with /(a;^,t) = x^^j for all 7 7^ a (and also 
with 7 = a for stages t before the last initialization of a), with /(r) = r 
for every generator r adjoined by any 7^-node 7 7^ a or by a before its last 
initialization, and such that, for every root r G -Fs of any hi^a,s{X), we have 
that /(r) is a root of h~^ ,.{X), and for every root r~ G Eg of any h~^ ,.{X), 
we have that /(r~) is a root of /ij,a,s(-^)- (Of course, this assumption applies 
only to elements of Eg, which might not include x or others of the above.) 
We may assume that some 7^-node 7 is eligible at stage s + 1, since otherwise 
Fg+i = Fg. 

Consider first the case where either 7 7^ a or a is initialized after stage 
s + 1. Now 7 may adjoin x-y^g+i and a root of each of /io,7,s+i and hi^-y^g+i to 
Eg. If so, then x^ = ^7,5+1, and each of these roots satisfies an irreducible 
polynomial over Q(x^,s+i). So we set /(x^^^+i) = x^^^+i, which extends / to 
Eg{x^^g-^i), by Lemma [575| and also set / to be the identity on the roots of 
these /z-polynomials (which works for the same reason). Alternatively, 7 may 
have been in Step 3 and have adjoined a root of hf, s+i,-y,s+i{^) and a root of 
'J s+ii-^) ■ Lemma 15751 both are irreducible over Eg{x-y^g+i). But 
by assumption, / restricts to the identity on the coefficients of both (which 
all lie in Q(x^_s+i)), and so again we can extend / to these roots just by 
taking the identity map on them. 
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Now consider the case where 7 = 0? and a is never initiahzed after stage 
s + 1. First, if a adjoins Xq^^+i to F^, then its negative ?/o,s+i also appears 
in Fs+i and is conjugate to Xa^s+\ over F^, so Lemma 1531 allows us to define 
= |/a,s+i- In either Step 1 or Step 3, whenever a defines a new 
polynomial /ti^o,s+i(-^) and adjoins a root r of it, we know (by our assumption 
that ha s 00) that eventually a will also adjoin a root of ^j~Qs+i("^) 
to F, and so we define fir) to be that r"^. By Lemma 15.5^ this definition 
does extend / to a field embedding on Fs{f). Likewise, if a is in Step 3 
and adjoins some root r~ of ^b^^^i_2as+i fo ^s-, we know by Lemma [531 
that ^_^^_2 a s+i the minimal polynomial of this r~ over Fj, and so it 
is safe to set /(r^) to equal r, since r is a root of the image /ib^^+i-2,«,s+i 
°f ^6Ls+i-2as+i under the map / on its coefficients. Thus in all cases we 
have extended / from Fg to a field embedding of F^+i into F, with j[x) = y 
whenever x & Fg. This fact proves the claim, and completes our argument 
that requirement TZe is satisfied. 

Turning to the C-requirements, for any e, we let /3 be the node of length 
2e on P, i.e. the leftmost node of that length that is eligible at infinitely many 
stages. Of course, /3 works for the requirement Ce- Suppose first that 
is never eligible after some stage sq. Then F contains only finitely many 
elements enumerated by nodes a 3 ), and moreover lim^ C/j^s = C/j^^g 
is finite. But the elements {0, 1, ... , Cjs^sg} and those enumerated by these 
a together generate a subfield of F that must not embed into Ce, or else 
the subfield of Ce generated by {0, . . . , C/^^sq} does not embed into F, since 
otherwise /?'(=) would have become eligible again. So in this case F ^ Ce, 
satisfying Ce- 

Therefore we may assume that Ce = F and that /3"(=) G P. We construct 
a computable isomorphism from F onto Ce as follows. First, let Sq be the 
last stage at which any node to the left of /3 is eligible. We may start by 
assuming that we know the restriction go = f\Fsg of the given isomorphism 
f : F ^ Ce, since this knowledge requires only finitely much information, 
namely the images of the finitely many generators of Fsg. 

Now let Si < S2 < ■ ■ ■ be all stages > Sq at which f3''{=) is eligible. (We 
can compute this sequence, of course.) We extend each gn to the finite field 
extension F^^^-^ of F,^ in turn, as follows. If an element x was adjoined to 
F by a node a to the right of /3"(=), then a is initialized at stage Sn+i, 
so we simply check how many elements that a enumerated into F before 
stage Sn+i- In particular, for any s with Sn < s < Sn+i, let t < Sn+i be the 
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greatest stage before the next initialization of a. If a enumerated a root of 
some polynomial hi^a,s, we check whether it also enumerated a root of h~^g 
by stage t or not. This will be the case for finitely many i, but eventually 
we will reach an i for which Ft contains a root of hi^a,t but no root of /i^Q^^. 
(Indeed, the same holds for i + 1 as well, since a always keeps two tags on Xa 
which Ua does not yet have.) Fixing this i, we find both square roots of Pa,t 
in Ce, and find a root of hi^a,t over one of those square roots; we then map 
Xa^s to the conjugate with this root (and the root of hi^^.s to the root itself, 
and likewise for i + I), and map ya,s to the other conjugate. This mapping 
also then determines, for each j such that the polynomials hj^a,t and hj^^^^ 
both have roots in Fs^_^_^ , where these roots should be mapped. 

By our choice of Sq, the only other nodes that can enumerate any element 
into F between stages s„ and s„+i arc nodes a with /?"(=) C a. So next we 
suppose that such an a enters Step 1 at stage s + 1, with <s„ < s < Sn+i, and 
adjoins Xa,s+i ^-nd roots r and r' of the two polynomials /io,a,s+i and /ii,a,s+i- 
Recall that these polynomials both have coefficients in the field Q(y^Pa,s+i)- 
We wait for both square roots of Pa,s+i to appear in Ce, which must happen 
eventually, since by assumption F = Ce- Once they have appeared, each one 
gives rise to an image in Ce[X] of the polynomial /io,a,s+i G -fs+if-'^], since 
either square root of Pa,s+i can be used as the square root in /io,a,s+i- As 
soon as either of these two polynomials in Ce[X] acquires a root in Ce, we 
define Qn+iir) to equal that root, and define 5'n+i(a^a,s+i) to equal the square 
root of Pa,s+i that gave rise to the polynomial that has this root. Wc also 
consider the polynomial hi^a,s+i{^) in C'e[^] defined using gn^i{xa,s+i)-i and 
wait for this polynomial to acquire a root in Ce, which then becomes the 
value of gn+i{r'). All of these events must eventually happen, since F = Ce. 
It remains to show that this definition of Qn^i actually does extend to an 
embedding of F into Cg. 

Notice first that at every subsequent stage t, the polynomial /if,„ i-i,a,t 
has a root r in Ft and hb^ ^^a,t has a root r' there, but neither h^^ ^ ^ nor 
Kctat ^^^^ ^t- This ba,t stays fixed from one stage to the next 

(starting with ba,s+i — 1), except for stages at which a enters Step 3. At 
such stages, Cg must contain images gn+i{r) and gn+i{r'), since we defined 
Qn+i on r and r' as soon as we found those roots in Cg. Also, no roots of the 
5i„+i-images of /i^ ^ ^^-^ and /i^ ^ ^ have appeared yet, because by the 
construction for the node /3, such roots would prevent /3"(=) from becoming 
eligible (and so F would never have enumerated roots of /i^ ^ and 
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^batas+iJ and thus F would not have been isomorphic to C). In Step 3, 
a adjoins to F. a root of h7 , ., but h7 „^ still has no root, and a new 
polynomial h^^ t+i,a,t is defined, with a root r" in Ft+i but such that hf^^ ^ ^ 
has no root there. So the situation remains the same, except that one of the 
two holding polynomials has been replaced by a new one. Before a can be 
eligible again, Cg must acquire an image for r", but cannot acquire any root 
for the s'n+i-image of h^^ ^^^^r 

Having understood the above, we consider three cases. 

1. If q; is initialized at some stage t + 1 > s + 1, then the g^^+i-image of 
hba,t,a,t has a root in Cg, but the g^n+i-image of /i^ ^ ^ ^ will never acquire 
one. Therefore, our choice of gn+iixa,s+i) was correct. 

2. If q; is never initialized after stage s + 1 but is only eligible at finitely 
many stages, let t be the last stage at which it is eligible. The exact 
same analysis applies here as for the case when a is re-initialized. 

3. Otherwise a is never again initialized, but is eligible infinitely often. 
In this case, a must enter Step 3 infinitely many times (since F = Cg 
precludes it from staying in Step 2 forever), and so {xa,ya) G Bp, as 
discussed above. Therefore, either of the square roots of Pa in Cg can 
be the image of Xa under an isomorphism. So in this case either choice 
for gn+i{xa,s+i) would have been correct. 

Thus our definition of Qn+i was correct for every node a going through 
Step 1. It remains to define gn+i on all elements adjoined to F at any stage s+ 
1 between stages Sn and by 7?.-nodes a in Step 3 of the construction. But 
this definition is simple, because for such an a, the value Xa,s+i must already 
have been defined, and we have already defined gn+i{xa,s+i)- Therefore, when 
/i6„,,+i,a,s+i is given a root r in F, we know the image of /i6„^,+i,a,s+i in Ce[X] 
under the map gn+i on its coefficients, and we wait for this image to acquire 
a root in Cg, which then becomes gn+i{r). Likewise, we know the image of 
hba,s+i-2,a,s+iiX) under gn+i, and so we may wait for it to acquire a root in 
Ce, then define gn+i to map the root of s+i-2,q,s+i in to this root in Cg. 
Since Cg = F, and since gn+i{xa,s+i) is correctly defined, such roots must 
appear. 

Thus we have extended gn+i to all elements adjoined by any 7?.-node 
between stages s„ and Sn+i, so we have defined our computable embedding 
gn+i on all of -Fs„+i- It is clear that this process can then continue to Fs„+2 
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and beyond, so that g = {J^gn is a computable embedding of F into Ce- 
But since we know that Ce — F, Lemma 12.11 shows that g is a. computable 
isomorphism, and so CgS? is satisfied. 

The satisfaction of the requirement TZe shows that lim^ ipe{- ,s) is not the 
characteristic function of Bp, and so all these requirements together prove 
that Bp is not Ag, hence not On the other hand, the satisfaction of the C- 
requirements shows that F is computably categorical, since every computable 
field isomorphic to F has an atomic diagram decidable by some ipe, meaning 
that it is the field Ce, which was made computably isomorphic to F by the 
requirement Ce- These conclusions complete the proof of Theorem 15.11 ■ 



6 Complexity of Computable Categoricity 

Ostensibly, computable categoricity is a Sj property, since its definition in- 
volves the existence of (classical) isomorphisms, hence involves quantifying 
over functions from u to u. However, for those classes of structures for which 
an exact complexity is known, it has always turned out to be far less complex 
than For instance, a computable linear order C is computably categorical 
iff £ contains only finitely many pairs of adjacent points, and this condition 
can be expressed as a S3 formula in the (computable) order relation on C 
Indeed, for arbitrary computable structures 97t, the statement "971 has a 
Scott family" is S3, and so relative computable categoricity is always a S3 
property. 

For algebraic fields, the very fact of being isomorphic is nowhere near 
Corollary 12 . 71 shows that for algebraic fields E and F, being isomorphic is H^, 
since for any finitely generated subfield Fq we can effectively find a primitive 
generator of Fo, and then find the minimal polynomial of that generator over 
the prime subfield of Fq, so that the embeddability of Fq into E reduces to 
the existence in E' of a root of that minimal polynomial (translated from the 
prime subfield of F to that of E, of course). Thus, algebraic fields E and F 
over the same prime subfield Q are isomorphic iff 



(MX) e Q[X]) 



(3x e E p{x) = 0) {3y e F p{y) = 0) 



If we write Ce for the field (if any) whose atomic diagram has characteristic 
function ipe, as in the proof of Theorem 15. H then we can discuss various 
complexities exactly. 



37 



Proposition 6.1 All of the following sets are Yi\- complete. 

• Fid = {e : Ce is a field}. 

• AlgFld = {e : Ce is an algebraic field}. 

• {{e,i) : Ce and Ci are isomorphic algebraic fields} . 

• {i : Ci is isomorphic to the field Ce}, where Ce is any fixed algebraic 
field. 

Proof. II2 definitions of all these sets except Fid are readily produced, given 
Corollary 12.71 and our discussion above. Saying that (pe is the characteristic 
function of the atomic diagram of a field requires saying that ipe is total with 
range {0, 1} (a property) and that the field axioms are satisfied by this 
diagram. As usually stated, most of the field axioms are H^, but the existence 
of an identity element for each operation appears to be S2, and the existence 
of inverses (stated below for multiplication) appears to be S^: 

3cWx3y{x + x = xoTx-y = y- x = c). 

This sentence can be reduced to a statement simply by having constant 
symbols for and 1 in the signature, but it is worth noting that even without 
such constant symbols, the field axioms are still Ilg. 

Lemma 6.2 A structure OJl in the signature with + and ■ is a field iff these 
two operations are both associative and commutative, ■ distributes over +, 
and the following hold: 

3x3y{x ^ y) & WxWy3u{x + u = y) & WxWy3u{x + x x =^ x-u = y). 

Thus the field axioms can be expressed as a single first-order V3 sentence. 

Proof. The forwards implication is immediate, so assume that the given ax- 
ioms hold. Fix any single x, and apply the middle axiom to get a u with 
X -\- u = X. But now for any y, we have some v with x + v = y and hence, 
given associativity and commutativity, 

y + u={x + v)+u = v + {x + u) = v + x = y, 

so that this u is actually an additive identity element 0. The given axiom for 
addition then yields additive inverses. But once we have these, we see that 
x + x = X implies x = 0, so there must exist a y with y + y ^ y (lest 97t have 
only one element). Then we repeat for multiplication the same argument as 
for addition, using this y to get the identity element. ■ 
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The n2-completeness of the sets in Proposition 16.11 is mostly an elementary 
exercise. One easily shows that Inf = {e : \We\ = 00} (where We is the eth 
c.e. set) is 1-reducible to Fid, for instance, just by fixing a computable field 
F and, on a given input e, building the characteristic function of the decision 
procedure for F one element at a time, each time we get further evidence that 
e G Inf (i.e., each time a new element enters We). It is worth noting that each 
of the other three sets is Ilg-complete (under 1-reductions) within the class 
Fid. (The relevant definition can be found in [3l Defn. 1.2].) For instance, 
there is a computable injective function / such that Ve(/(e) G Fid), but the 
field Cf(e) is algebraic iff e G Inf. (Start building the field Q{Xq,Xi,...) 
of infinite transcendence degree, one element at a time, and when e gets its 
n-th chip, turn X„ into a rational number itself, so large that it has not yet 
been ruled out by the finitely many elements currently in C/(e).) ■ 

Since classical isomorphism is so easily expressed for algebraic fields, the 
complexity of computable categoricity for the class becomes much simpler 
than 

Proposition 6.3 For algebraic fields, the property of being computably cat- 
egorical is U^. 

Proof. We simply write out the definition of computable categoricity and 
apply Proposition 16.11 The computable algebraic field F = is computably 
categorical iff: 

(^i)[{i G Fid & Cj = Ce) =^ is an isomorphism : Ci Ce)]. 

The statements i G Fid and Ci = Ce are both Ilg. For ipj to be an isomor- 
phism, it must be total (which is Ilg) and must preserve the field structure: 

VxV?/[y?j(x + y) = ipj{x) + ^j{y) & ^^{x ■ y) = ipj{x) ■ (Pj{y)], 

which is n'j' once we know that (fj is total. (For ipj to have image u is also 
112, but in fact is not needed here, by Corollary 12.21 ) ■ 

Our main theorem for this section is the complementary property: that for 
computable algebraic fields, computable categoricity is Il^-hard, and there- 
fore n^-complete. This theorem is substantially different from previously 
known results about the complexity of computable categoricity for specific 
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classes of structures, and thus serves to distinguish algebraic fields from 
all those other classes. In particular, all previously known cases were E°- 
complete for some n, usually for = 3, so H^-completeness suggests that 
something distinctly different is going on here. 

Theorem 6.4 For computable algebraic fields, the property of being com- 
putably categorical is Tl^- complete. 

Proof. With Proposition 16.31 already proven, it remains to show hardness. 
Let 5* be any H^-complete set, such as the complement of 0^^^ Since the set 
Inf is Ilg-complete, we may express S by fixing some 1-1 total computable 
function / for which: 

S = {n E (jj : \/a3b{f{n, a, b) G Inf)} = {n : Va36 |W/(n,a,6)| = cso}. 

It will simplify our construction to assume that every set Wf{n,a,b) contains 
the element 0, and that at each single stage, at most one set Wf{^n,afi) receives 
a new element. 

We will describe a 1-1 total computable function that maps each n G w to 
the index for some computable algebraic field F, which will be computably 
categorical iff n E S. The output of this function is the program that uses the 
following construction (which is uniform in n) to build a computable field. 
At the end of the construction, we will demonstrate that the computable 
algebraic field F that it built is computably categorical if G 5, but not 
otherwise. 

The construction of F is performed on a tree T, in a style reminiscent 
of that in the proof of Theorem 15. H adapted to incorporate the question 
of whether Va36 /(n, a, b) G Inf. As there, we let Ce denote the structure 
(in the language of fields) whose atomic diagram is decided by the partial 
function iff,. The tree T for the construction will consist of two types of 
nodes. We now describe the basic modules used by each type to satisfy its 
requirement. 

Every node /3 at level 2e of T is a categoricity node, or C-node, dedicated 
to satisfying requirement Ce for computable categoricity for F: 

Cg : Ce = F =^ 3 a computable isomorphism Qe : Ce ^ F. 

Such a Cj-node (3 has two outcomes, = and ^, ordered with = -< ^. The 
outcome = denotes that the hypothesis of Ce turned out to be true: Ce = F. 
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In this case, the /3 on the true path at level 2e will produce the computable 
isomorphism required, since no node above it or to its right will ever add 
anything to F that could cause problems for its isomorphism. This process 
is much the same as that performed by the categoricity nodes in the tree for 
Theorem 15.11 The outcome ^ denotes the negation of the outcome =, in 
which case Ce holds automatically. 

Every node a at level 2a + 1 of the tree is a non- categoricity node, or TZ- 
node, trying to construct a computable field Ea = F to satisfy the opposite 
requirement: 

T^a '■ [V& f{n, a, h) ^ Inf] =^ [V6 : -Eq — )■ -F is not an isomorphism]. 

The construction will build the computable fields E^ for every 7^-node a, all 
isomorphic to F . An T^j-node a has outcomes ordered in order type u: 

^ 1 ^ 2 ^ ■•• 

If a lies on the true path, then for the least 6 G w (if any) such that f{n, a, b) e 
Inf, the node a^{b) will be the leftmost successor eligible infinitely often. If 
there is no such b, then the hypothesis of TZa is satisfied, and in fact the true 
path will end at a; in this case, the field Ea built by a will prove that F is 
not computably categorical. 

The T^j-node a runs the following basic module simultaneously for all 
6 G oj, although whenever Wf(n,a,b} receives a new element, a restarts its 
strategy for every b' > b. For each b, a starts by adjoining one witness 
element to Ea (with a corresponding witness adjoined to F) and waits for ipb 
to map the witness in Ea to the witness in F, which is its unique possible 
image there. If (pi, does so, then a adds a new element to F to "tag" the 
witness there. It waits until all categoricity nodes /3 with /3'(=) C a have 
mapped the witness and its tag to an appropriate image, then adjoins a 
second witness to F, conjugate to the original witness there, and likewise 
adjoins a second witness to Ea- However, in Ea, a tags the second witness 
instead of the first. Therefore, assuming no further tags nor conjugates of 
the two witnesses ever appear in F, (fi, cannot be an isomorphism, since it 
mapped the untagged witness in Ea to the tagged witness in F. 

All through this process (and forever after), a keeps watching to see if 
Wf{n,a,b) receives any more elements. If it ever does, then a terminates its 
procedure for b and for all b' > b, makes a" (6) eligible and begins its entire 
process over again with a new witness (which is the root of a completely new 
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minimal polynomial). Therefore, a precludes from being an isomorphism 
only if /(n, a, 6) ^ Inf. If every /(n, a, 6) ^ Inf, then all of a's basic modules 
succeed, leaving E^t isomorphic to F but not computably isomorphic to it. 

At stage 0, we begin with Fq = Q and also all fields = Q. All nodes 
are initialized, so that all values mentioned below for each node are undefined 
at stage 0. 

The stages are ordered as in the construction in Theorem 15. 11 so that the 
root is eligible at every stage (0, k) + 1, and at each stage (/, k) + 1, some 
node at level / is eligible and (if / < k) chooses a node at level + 1) to be 
eligible at the following stage {I + 1, k) + 1. 

At stage s + 1, suppose that the Cg-node /3 is eligible. Let s' be the greatest 
stage < s at which either /3 was initialized or the node /3"(=) was eligible. 
If the length of agreement between Fs and Ce,s (as defined in the proof of 
Theorem 15. ip is no greater than the domain of 5^/3^5/, then we do nothing at this 
stage, and make eligible at the next stage. If the length of agreement 

has increased, then /3"(=) will be eligible at the next stage. At this stage, we 
define the map g/3^s+i to extend the map s' to the next element of the field 
Cg. (By assumption, this must be a partial field embedding.) This completes 
the stage. 

At a stage s + 1 at which an TZa-node a is eligible, we again let s' be the 
greatest stage < s at which a either was initialized or was eligible. Fix the 
least 60 for which W^/(n,a,feo),s' Wf(n,a,bo),s+i- (If there is no such bo, then 
find the least t > s + 1 for which i^bQ)Wf(^n,a,bo),s' 7^ W/(n,a,feo),t; choose 
that 60 ■ Since all the sets Wf(n,a,b) are nonempty and only one can receive an 
element at any given stage, we eventually find such a 6o-) The node a"(6o) 
will be eligible at the next stage. 

If a was initialized at stage s', then we simply set both Ea,s+i and F5+1 
to equal Eg, and end this substage. If a was not initialized at stage s', then 
we execute the following instructions. 

For each b > bo, we initialize the a-strategy for b, by making pa^b^s+i 
and all related roots, witnesses, and tags undefined. First, however, for each 
b > bo for which a is currently waiting to perform Step 3 (so Xa^}j^s' ^ Fg, 
but Ea^s does not yet contain any element Ma,b,s'), we adjoin Xa^^s' to E^^g 
(and then make Xa,b,s+i undefined, along with all other roots and tags). This 
ensures that -Eq,s+i becomes isomorphic to Fs+i once again (except possibly 
for certain tags for a-strategies for values b' <bo; such tags might still lie in 
Eg but have no images in i?a,s+i)- 

For each b < bo, we proceed according to the following steps. 
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1. If no polynomial Pa,b,s'{X) is currently defined, then we use Proposition 
l2.4l to choose a polynomial Pa,b,s+i{X) ^ Q[-^] of degree 7, whose Galois 
group (over the splitting field of the product of all p-polynomials used 
so far in the construction, i.e. all pa',b',t{X) with t < s) is the symmetric 
group S7 on its seven roots. (Here we regard Q as a subfield of Fg, so 
that this polynomial lies in We define Xa,b,s+i and ya,b,s+i to 
be two roots of Pa,b,s+i{^), but at this step we only adjoin their sum 
{xa,b,s+i + ya,b,s+i) to Fg, forming F^+i and leaving the roots themselves 
for possible later use. Likewise, we adjoin the sum {xa,b,s+i + ya,b,s+i) 
of two roots of pa,b,s+i{X) to every field Ea'^s, for every 7^-node a' 
including E^^s itself. So each such field remains isomorphic to 
Fs+i (unless E^/,, ^ F,). We define qa,b,'s+iiX) e Q[X] to be the 
minimal polynomial of {xa,b,s+i + ya,b,s+i) over Q. Roots of qa,b,s+i{X) 
will be called witnesses being used for a and b, in their respective fields 
F and Ea- (In Step 3, a second witness may be adjoined to each of F 
and Ea-) 

2. If Xa,b,s' and ya,b,s' are already defined but {xa,b,s' + ya,b,s') has not yet 
been tagged (as below), then we check whether (pb,s{xa,b,s' + ya,b,s') i= 
{xa,b,s+i + ya,b,s+i)- If not, then we do nothing at this stage. If so, then 
we adjoin Xa,b,s' to Eg, calling it a tag for the witness {xa,b,s' + ya,b,s')- To 
preserve isomorphisms, we also adjoin Xa,b,s' to Ea^^s for every 7^-node 
a' except a, keeping Ea',s+i — Fs+i (unless Ea'^s ^ Fg). Thus we leave 
Ea^s^i = Ea,s ^ Eg^i, with no tag adjoined to Ea,s- 

3. If Xa,b,s' £ Eg already, and Ea,g' contains no corresponding tag, then 
we check whether, for every Cg-node /3 with C a, the domain 
of gp^g+i contains Xa,b,s' and the field fragment Ce,g+i contains exactly 
one witness for a and b. If not, then we do nothing. If so, then we 
define Ua,b,s+i and Va,b,s+i to be new roots of Pa,b,s+i{X), adjoin their 
sum {ua,b,s+i + Va,b,s+i) to Eg as a new witness, and likewise adjoin a 
new witness {ua,b,s+i + Va,b,s+i), the sum of two new roots of pa,b,s'{X), 
to every Ea',g with a' 7^ a. To Ea^g we adjoin the two new roots Ua,b,s+i 
and Va,b,s+i of Pa,b,s'{X)] this also adjoins their sum, of course, as a new 
witness, and leaves F^+i = Ea^g+i, but only via isomorphisms mapping 
ixa,b,s' + ya,b,s') to {ua,b,s+i + ^o.fe.s+i), siucc thesc are the witnesses in 
their respective fields that now have tags. This situation will be pre- 
served forever (unless either a is initialized or some VF/(n,a,6') with b' <b 



43 



later receives a new element) , and so (/^b cannot be an isomorphism from 
F onto Ea- 

4. If none of the foregoing conditions applies, then a has satisfied TZa, and 
we do nothing at this stage. 

Having completed these steps for every b < bo, we have finished this stage. 

When stage s + 1 is completed, we initialize every node to the right of 
the node eligible at that stage (exactly as we did for a-strategies for each 
b> boin the construction for 7?.-nodes). For a C-node f3, initialization simply 
means that Qp^s+i becomes the empty function. For an 7^-node a, and for 
every 6 e a;, we make all polynomials, roots, and tags associated with a 
undefined at stage s + 1, and we also make £^q,s+i undefined. This completes 
stage s + 1. 

It is clear that this construction builds a computable algebraic field F, 
uniformly in n, and that this field is the extension of Q generated by various 
witnesses and tags adjoined by assorted 7^-nodes. We claim that F is com- 
putably categorical if and only if n e 5", which is to say, iff for every a there 
is some b with /(n, a, b) e Inf. As usual, the proof is based on the true path 
P through T, i.e. the set of all nodes in T that are eligible at infinitely many 
stages, but initialized only finitely many times. 

Suppose first that n & S. Now every C-node (3 makes one of its two 
successors ehgible whenever /3 itself is eligible. Moreover, an 7?.a-node a on 
P will make its successor a" (6) eligible infinitely often, where b is minimal 
such that f{n, a, b) G Inf, while for every b' < b, a^{b') will be eligible only 
finitely often. With n & S, this means that P will be an infinite path through 
T, picking out the least b corresponding to each a at the T^^-node a, and 
picking out /3"(=) or above a Cg-node /3 according as Cg = F or not. 

Now the list of fields Cg includes every computable presentation of every 
computably presentable field. So, if F is isomorphic to an arbitrary com- 
putable field E (via an isomorphism /, say), then that E is precisely equal 
to some Cg. We claim that the Cg-node (3 on P allows us to compute an 
isomorphism g from F onto Cg. First, let Sq be a stage after which /3 is never 
initialized (so that no node to the left of /3 is ever again eligible). Now for 
every 7^-node a C /9, fix 6^ e a; such that a''{ba) C (3. Each of these a{ba) is 
initialized only finitely often, and the construction makes it clear that each 
one, after its final initialization, adjoins only finitely many elements to F: at 
most two witnesses and one tag. Therefore, there exists a stage Si > Sq after 
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which no a C /3 ever again adjoins any elements to F. Since the field Fg^ 
is finitely generated, /f-Fsi is computable from the images of its generators, 
which constitute finitely much information. Hence we may set g\ Fg-^ = /f -Fsi- 

It remains to define g on elements adjoined by other 7^-nodes a. If a lies 
to the right of /3, then whenever a adjoins any element to F at some stage s 
in its strategy for some b, we simply wait until the next stage at which a is 
initialized. Once this stage is complete, a never again adjoins any elements 
from the splitting field of pa,b,s{X), and so once that stage is reached, we 
may find images for these elements in Ce (since Ce = F) and define g to 
map them there. (Of course, this uses Proposition 12.41 and the choice of the 
p-polynomials to show that every such splitting field is linearly disjoint from 
the compositum of all the others, and that therefore these values for g do 
not interfere with the construction of g on any other splitting field.) 

Finally, suppose /3 C a. Of course we do not know whether such an 
a lies on P or to its left or right. However, when that a adjoins its first 
witness {xa,b,s + ya,b,s) to F at some stage s for the a-strategy for some b, 
we simply look for the first root of qa,b,s{^) to appear in Cg, and let g map 
the first witness to that root. (Since Ce = F, such a root must eventually 
appear in Ce, and by linear disjointness, this extension of g is still a field 
embedding.) If the a-strategy for b never moves beyond Step 1, then F 
contains no more elements of the splitting field of Pa^b,s{X), and so this is 
sufficient. If it continues to Step 2 and adds the tag Xa,b,s' to F at some 
stage s' > s, then we wait for such a tag to appear in Ce and define it to 
be g{xa,b,s')- Notice that even if a eventually adjoins a second witness to F 
at a later stage s", the first witness to appear in Ce must be the one with 
the tag. This follows from Step 3 of the construction for 7^-nodes, in which 
a waits until Ce contains exactly one witness node and also contains a tag 
for that node. If Ce acquired a second witness before it acquired the tag for 
the first one, then the construction would never have adjoined the second 
witness to F, and Ce would not be isomorphic to F, contrary to hypothesis. 
So Ce must have produced the tag for g{xa,b,s + ya,b,s) before adjoining any 
second witness, and therefore it was safe for us to define g as we did on 
the first witness in F. When (and if) F acquires a tag for its first witness 
(in Step 2), Ce must subsequently acquire a tag for its own first witness (in 
order to be isomorphic to F), and then the second witness {ua,b,s" + Va,b,s") 
to appear in F (if a should execute Step 3 in its strategy) will be matched 
by an (untagged) witness in Cg, to which g maps the second witness in F. 
Thus we can compute the value of this g on every generator of F, and so 
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g is a. computable field embedding of F into Cg. But with Cg = F by 
assumption, Corollary 12.21 shows that this g is then an isomorphism. Hence 
F is computably categorical. 

Next, suppose that n ^ S, and fix the least a such that no b satisfies 
f{n,a,b) G Inf. Now as argued above, each node on the true path P at 
any level < 2a will have a successor on P. When we reach the T^^-nodes at 
level 2a + 1, however, the a G P at that level will have no successor eligible 
infinitely often, since (V6)/(n, a,6) ^ Inf. We claim that instead, the field 
Ea built by this a after its last initialization is isomorphic to F, yet not 
computably isomorphic to F. Since Ea is clearly a computable field (given 
finitely much information, namely the last stage at which a was initialized), 
this will show that F is not computably categorical. 

To see that F = Ea, 'we begin at the first stage sq at which a is eligible 
after its last initialization. At this stage Ea,so is defined to be Fs^, itself. At 
all subsequent stages, the construction (for every node a', not just a) never 
adjoins an element to F without adjoining a corresponding element to Ea- 
The only exceptions to this rule are performed by a itself, at Step 2 of its 
strategies for various values of b: in Step 2 at those stages s, a adjoins Xa,b,s 
to F (which already contained the witness {xa,b,s + ya,b,s)) without adjoining 
any element to Ea (which already contained a witness element {xa,b,s + ya,b,s) 
of its own). But at all subsequent stages, a will attempt to execute Step 
3 for this b. It will not be allowed to do so as long as any Cg-node /3 with 
) ^ C( prevents it, which occurs if that fails to contain exactly one 
witness for the a-strategy for b, along with a tag for that witness. However, if 
this Ce prevented it forever in this manner, then Ce would not be isomorphic 
to F, contradicting the fact that such a /?"(=) must lie on P. Therefore, 
eventually each of the finitely many C-nodes below a gives permission for 
a to execute Step 3 in its strategy for b. In doing so, a adjoins to Ea a 
new tagged witness, and adjoins to F a new untagged witness. Moreover, by 
linear disjointness, no more elements of the splitting field of pa,b,s{X) ever 
again enter either F or Ea, Thus the witnesses and tags in Ea and F can be 
paired up perfectly, and so indeed Ea is isomorphic to F. 

Finally, suppose that some (pb were an isomorphism from F onto Ea- 
Then, at some stage U after which Wf(n,a,b) receives no more elements, the 
construction will have adjoined a first witness element {xa,b,th + ya,b,tj to 
F for b. The isomorphism ipb must map it to the corresponding witness 
{^a,b,tt + ya,b,tt) adjoined to Ea at the same stage, since these elements have 
no other conjugates in their fields at that stage, and none are ever added 
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unless Lfi, maps the witness in F to that in E^. But once it does, a executes 
Step 2, adjoining a tag for the witness in F, and then (as we saw just above) 
eventually executes Step 3 and adjoins a new tagged witness in and a new 
untagged witness in F. Therefore, iph maps the tagged witness {xa,b,ti,+ya,b,%) 
in F to the untagged witness (xa,^,*^ + ya,b,tt) in Ea, and so ipb is not an 
isomorphism after all. Since this holds for every b, F is not computably 
categorical. This completes the proof of Theorem 16.41 ■ 

At first glance, the foregoing proof appears to be a standard 0" construc- 
tion, using the true path P through a computable tree. However, a 0" oracle 
is not in fact enough to compute P. It can compute the successor on P of 
any C-node (3 E P, and it can compute the successor of an 7^-node a E P 
provided that a has one. However, P may actually end at a (in which case 
Ea is the computable field showing that F is not computably categorical), 
and this situation holds iff ^hf{n, a, h) ^ Inf, which is a Hg condition. So in 
fact, to compute P and recognize when it terminates (if ever), a 0"' oracle is 
required. 

7 Conclusions and Questions 

The ultimate goal of this project was to provide a structural characterization 
for computable categoricity for algebraic fields. The main question, therefore, 
is the extent to which we have achieved this goal. Admittedly, the goal itself 
is somewhat vague: what constitutes a structural characterization? A first- 
order property in model theory would be the ideal result, but this goal seems 
beyond reach. 

For illumination on this question, consider the characterization of com- 
putably categorical linear orders C as those with only finitely many adjacen- 
cies. This property is not expressible in first-order languages, as one quickly 
proves using the Compactness Theorem. It is also readily seen to be a Eg- 
complete property, and so, in terms of complexity, we know exactly the level 
of difficulty of deciding computable categoricity for computable linear orders. 

Notice also that, because computable categoricity implies relative com- 
putable categoricity for linear orders, another equivalent characterization 
would be the existence of a Scott family for C. This property is also 
Eg-complete, for linear orders as for computable structures in general, and 
could also be taken as a characterization of computable categoricity. How- 
ever, it is vastly less satisfying than the characterization by the number of 
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adjacencies: the latter feels much more "structural." To quantify this, we 
note that the characterization using adjacencies can be expressed as a com- 
putable L^j^i^ formula (that is, with countable conjunctions and disjunctions 
allowed) in the language of linear orders. In addition, the proof of the equiv- 
alence of the latter to computable categoricity makes it clear exactly how 
the property of finitely many adjacencies corresponds to computable cate- 
goricity, much more clear than can be said of the characterization by Scott 
families. So we consider the characterization by adjacencies to be the better 
characterization. 

Since the initial consideration of computable categoricity for fields by 
Frohlich and Shepherdson in [H], the problem of characterizing computable 
categoricity for fields has not given much ground. Without offering specific 
justification, we suspect that the results in this article are as good as one 
is likely to get in the case of algebraic fields. As far as complexity, that 
statement can be quantified: Il^-completeness of computable categoricity for 
algebraic fields, demonstrated in Theorem 16. 4[ pinpoints the complexity of 
the notion. Likewise, of course, the characterization for relative computable 
categoricity turned out to be S3 (as it must, by the work in [2] and 
and complete at that level (as commonly happens for relative computable 
categoricity). As usual, the characterization by Scott families is unsatisfying, 
and we consider Theorem l4.4l to be a significant step forward, since it equates 
this characterization to the more structural notion in items (4) and (5) of 
that theorem. It is not clear that any more satisfactory characterization of 
relative computable categoricity is likely to be discovered. 

For computable categoricity, we likewise consider Theorem 16.41 to be sub- 
stantial progress. Nevertheless, the result still feels less satisfactory. The 
property given in Proposition 16.31 is really just the definition of computable 
categoricity, in the specific context of algebraic fields. Theorem 16.41 then 
shows that one cannot do better, in terms of complexity, and we consider it 
important to recognize that in this context. Definition 11.11 can achieve the 
minimum possible complexity, simply by replacing the notion of classical iso- 
morphism by an equivalent statement (namely the condition from Corollary 
12. 8p . We believe that this is the first known instance of this phenomenon. 
However, it still does not seem impossible that a "more structural" charac- 
terization might be found. 

We attach additional importance to Theorem 16 . 41 because of the new level 
of complexity it exhibits. Previous characterizations of computable categoric- 
ity for standard classes of computable structures have generally shown it to 
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be Sg-complete (and equivalent to relative computable categoricity) : this 
situation holds for linear orders, Boolean algebras, trees (as partial orders), 
and ordered abelian groups, for example. Relative computable categoricity 
is widely viewed as a "nicer" property, largely because of its straightforward 
syntactic characterization in [2] and and it was already known that com- 
putable categoricity has strictly higher complexity than relative computable 
categoricity in many well-known classes of structures, such as graphs, partial 
orders, groups, and rings. In [30] , White showed that for computable graphs, 
computable categoricity is H^-hard, and [16j allows the complexity result to 
be carried over to the other well-known classes mentioned (although it only 
proves computable categoricity to be H^-hard in those classes, not necessar- 
ily n^-complete). The fact that computable categoricity turned out to be 
n^-complete for algebraic fields took us rather by surprise, as this is the first 
everyday class of mathematical structures in which it turned out to be a 
n°-complete property (as opposed to S°-complete) for any n at all. Indeed, 
to our knowledge, algebraic fields are the first standard class of structures for 
which the complexity of computable categoricity has been determined and 
has turned out not to be Eg-complete. 

(For careful readers, we point out a small error in the final paragraph of 
[lO] . where it is asserted that computable categoricity is Ilg-complete for the 
class of algebraically closed fields. In fact, for such fields, Ershov [6] showed it 
to be equivalent to the property of having finite transcendence degree, which 
is Sg-complete and is also equivalent to relative computable categoricity for 
such fields. Likewise, as of the writing of [lO], all other known index sets for 
computable categoricity were Eg, not Ilg as stated there.) 

It should be noted that the class of algebraic fields is not first-order de- 
finable: every axiom set that holds in all algebraic fields will hold in certain 
non-algebraic fields as well. This fact might help explain the unusual level 
of complexity. In characteristic 0, our theorems carry over to fields of finite 
transcendence degree over Q, since essentially all constructions can be carried 
out after replacing Q by a purely transcendental subfield Q(Xi, . . . , Xk) over 
which F is algebraic. (Alternatively, for transcendence degree k, just enrich 
the signature by k constants, with axioms saying that they are algebraically 
independent over Q.) For fields of infinite transcendence degree, the question 
of computable categoricity is not trivial: most such fields are not computably 
categorical, but the work of Miller and Schoutens in [31] proved the existence 
of a computably categorical field of infinite transcendence degree. One would 
guess that computable categoricity has even higher complexity for the class 
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of all fields; it certainly cannot become any lower than H^, since algebraic 
fields form a subclass. 
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